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Abstract 
A series of studies have been carried out to investigate delamination in composite 
laminates caused by interlaminar shear stresses due to out-of-plane forces, curvature 
induced through-thickness tensile stresses, and local interlaminar stress distributions 
at the ends of terminated plies. The aim was to develop methods for predicting this 
type of failure which were accurate and not overly complex. 
Curved specimens, which had been designed and tested to measure the through-
thickness strength of composites under combined tension and shear, were analysed 
with the aid of the finite element method. After Wei bull theory had been used to take 
account of volumetric size effects, a simple interactive stress criterion predicted the 
failure loads of the specimens to within 11 %. 
A closed form solution was derived for predicting the strain energy release rate of 
delaminations spreading from a ply-drop in a laminate under combined bending and 
axial loading. From a parametric study, it was found that failure envelopes could be 
constructed based on the axial strain at the drop, irrespective of the type of loading. 
A fracture mechanics based approach was developed which took account of yielding 
in the resin rich layer prior to crack formation. With the aid of finite element analysis, 
the failure loads of straight and curved specimens with discontinuous plies were 
predicted. There was very good correlation with experimental data for the straight 
specimens, and reasonable correlation for the curved specimens. Delamination 
growth in cyclic fatigue loading was also predicted in the straight specimens by using 
a modified Paris equation. The prediction was qualitatively very similar to observed 
test results. 
Finally, a type of interface element was designed to model the yielding and failure of 
resin along ply interfaces. These elements were placed in the finite element models of 
the previous straight and curved specimens. There was good qualitative agreement 
with the test data in terms of the locations of the delaminations and the amount of 
stable crack growth before catastrophic failure, but the accuracy of the predicted 
failure loads depended on the post-yield behaviour assumed by the interface 
elements. 
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characteristic distance over which stress must be averaged for 
Whitney-Nuismer method 
crack area 
axial distance between contact point of loading roller and cut in 
laminates with discontinuous plies 
characteristic distance away from stress singularity for Whitney-
Nuismer method 
Young's modulus 
axial Young's modulus of block of plies above ply-drop 
axial Young's modulus of block of discontinuous plies 
axial Young's modulus of block of plies below ply-drop 
empirical constant found from fatigue tests (see equation (7.1)) 
strain energy release rate (apart from isolated cases where it has been 
defined as the shear modulus) 
critical strain energy release rate 
difference between strain energy release rate at peak and trough loads 
in fatigue test 
G1 / GIc + GIl / Gnc 
total strain energy release rate 
empirical constant found from fatigue tests (see equation (7.1)) 
plastic modulus 
ratio EB / EA 
ratio Ec / EA 
Weibull modulus 
bending moment per unit width 
number of loading cycles in fatigue test 
















probability of failure 
probability of survival 
ratio of bending to axial loading, defined in (4.34) 
ratio of trough to peak load in fatigue test 
deviatoric normal stress 
shear strength 
equivalent shear strength for Weibull analysis 
thickness of laminate 




width of laminate 
work done by loading 
work required to create new crack surface 
absolute value of through-width compressive strength 
through-width tensile strength 
equivalent through-thickness failure stress for Weibull analysis 
absolute value of through-thickness compressive strength 
through-thickness tensile strength 
ratio of thickness of dropped plies to thickness of whole laminate 
ratio of distance of dropped plies from bottom surface of laminate to 
thickness of whole laminate 
normal strain 
axial strain at mid-thickness of block of dropped plies 
shear strain 
ultimate shear strain 
Poisson's ratio 
potential energy of system 








equivalent constant normal stress which gives same probability of 
failure as actual variable normal stress distribution 
characteristic strength in Weibull function 
equivalent von Mises stress (defined in (8.8) for plane stress) 
absolute value of yield stress in compression 
yield stress in tension 
shear stress 
equivalent constant shear stress which gives same probability of 
failure as actual variable shear stress distribution 
equivalent von Mises stress divided by ';3 
shear yield stress 
Unless otherwise mentioned, subscripts 1, 2 and 3 refer to the fibre direction, the 
direction transverse to the fibres in the plane of the ply, and the through-thickness 
direction, respectively. Subscript x refers to the axial direction of the laminate from 
which the ply orientations are measured, and y and z are the in-plane and out-of-
plane transverse directions, respectively. Subscripts I, II and ill refer to the principal 
values when used with stress, and the mode I, mode II and mode ill values when used 
with strain energy release rate. 
The superscripts e and p refer to elastic and plastic, respectively. 
Chapter 1 
Introduction 
1.1 Composite materials 
Composite materials consist of two or more distinct compounds. One of the earliest 
man-made composites consisted of mud and straw. When primitive man started 
building houses, he learnt that mud bricks could be made stronger by reinforcing 
them with straw. These days, concrete reinforced with steel bars is the preferred 
building material. In the aerospace industry, the reinforcement usually consists of 
fibres of glass, carbon or aramid, and the binding material or matrix is usually some 
form of plastic, although metals, ceramics and even carbon can also be used. These 
composites are not only used in the aerospace industry but also in the marine, sports 
and automotive industries. Their main advantage over metal is their high specific 
strength and stiffness. Gram for gram the above mentioned fibres are both stiffer and 
stronger than steel wire. 
The matrix material is generally not very stiff or strong but is nonetheless vital. Apart 
from holding the fibres in place, the matrix protects them from the outside 
environment, inhibits the fibres from buckling, and supports most of the shear and 
tensile loads transverse to the fibres. One of the most popular types of matrix 
material is epoxy resin. These are thermoset polymers which have good mechanical 
properties, chemical resistance and adhesion to fibres. 
Chapter 1 Introduction 
Since aerospace structures are usually made of sheet material and have to support 
major loads along one direction, the epoxy and fibres are often partially cured 
together in the form of thin sheets with all the fibres aligned in one direction. Each of 
these unidirectional "prepreg" sheets or plies is only about one eighth of a millimetre 
thick. Therefore, several plies or "laminae" are bonded together to form a "laminate" 
by curing them under pressure at between 120 and 180°C in autoclaves. Each ply is 
very stiff and strong in the fibre direction but relatively weak in the transverse 
directions. Thus, if the structure must withstand loads in more than one direction the , 
plies are laid up in different orientations so that the resulting laminate has the 
required strengths and stiffnesses in the specified directions. 
1.2 Delamination 
As mentioned above, composites are strong in the fibre direction but weak in the 
transverse directions. This means composite laminates can withstand large in-plane 
loads but easily fail when loads are applied in the thickness direction. One of the 
most common types of through-thickness failure is delamination. This is when cracks 
grow in-between adjacent plies and cause them to come apart or debond. Through-
thickness tensile and interlaminar shear stresses high enough to cause delamination 
can arise in many different situations. Some of them can be seen schematically in 
figure 1.1. 
In the aerospace industry it is very desirable for structural damage to be visible to the 
naked eye. If a foreign object, such as a bird or large hail stone, hits the surface of a 
metal wing hard enough, it will leave a visible dent. However, if the surface is made 
of composite material, it is possible for delamination to occur inside the laminate 
with no visible surface damage, as seen in figure 1.1 a. The delamination can 
subsequently grow when in-plane loads are applied to the laminate. 
If a ply is loaded in the fibre direction so that it extends axially, it will contract in the 





tension, it will contract in the fibre direction. However, the contraction in the latter 
case will be relatively less than that in the former case because the Poisson' s ratios 
are different in the two directions. This can result in high interlaminar tension and 
shear arising at the free edges of multidirectional laminates, which leads to 
delamination, as seen in figure 1.1 b. Acute interlaminar shear stresses can also arise 
at the free edges of laminates consisting entirely of plies oriented at angles +8 and -8 
[1 ]. 
a). Foreign object impact b). Free edges of multidirectional laminate 
c). Spar bonded to composite skin d). Curved laminates 
e). Discontinuous Plies 
FIG. 1.1 Situations leading to delamination 
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Figure 1.1 c shows a spar bonded to a composite skin. Forces and bending moments 
applied to the spar can cause through-thickness tensile stresses in the skin hi o-h 
b 
enough to result in delamination. Through-thickness tensile stresses can also arise in 
curved laminates subject to in-plane forces and out-of-plane bending moments, as 
seen in figure 1.Id. Out-of-plane forces can cause through-thickness tension in 
curved laminates and also interlaminar shear stresses in laminates with or without 
curvature. 
Our final example is a laminate with a discontinuous ply, seen in figure I.Ie. Plies 
are often discontinued or dropped off within laminates to reduce the thickness. 
Laminates need to be tapered in the thickness dimension when the requirement for 
strength and stiffness changes along the length of the structure. For example, tapered 
laminates are found in helicopter rotor blades where the thickness around the joint at 
the hub needs to be higher than that along the aerodynamic portion of the blade. In 
spars of aircraft wings and tailplanes there are higher bending moments at the root 
than at the tip. This means a composite spar would require more plies at the root. 
When such laminates undergo out-of-plane bending or in-plane loading, the axial 
loads taken by the discontinuous plies have to be transferred to the surrounding 
continuous plies. This means high interlaminar shear stresses arise near the ply drop 
between the continuous and discontinuous plies. If the taper angle is too sharp, 
significant through-thickness stresses can also occur between the continuous plies 
that meet ahead of the ply drop. Thus delamination can initiate at the ply drop and 
spread into both the thick section and the thin section. 
Note that it is quite possible for laminates to be both curved and tapered, such as at 
the edges of some sandwich panels and parts of composite rotor blades, thus giving 
rise to two or more stress distributions which can interact to cause delamination. 
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1.3 Research objective 
Delaminations can greatly reduce the strength and stiffness of a laminate, which in 
turn can lead to catastrophic failure of the whole structure. Aerospace structures are 
rigorously tested prior to service to make sure they will remain integral throughout 
their service lives. If degradation such as delamination occurs and is seen to be a 
danger to the integrity of the structure, the component must be re-designed and re-
tested. This is a costly and timely process. It is therefore very desirable to be able to 
accurately predict the loading conditions at which delamination initiates and 
propagates so that the amount of expensive testing can be reduced. 
GKN Westland Helicopters is an aerospace company which uses composite materials 
in its aircraft. They see the need for accurate delamination prediction methods. This 
thesis describes part of an on-going project at the University of BristoL sponsored by 
GKN Westland Helicopters, to study through-thickness failure in composites, 
primarily in curved laminates with dropped plies. Some of the work described within 
has already been published in the form of technical papers and can be seen in [2-7]. 
The aim of the research was to develop prediction methods which are both accurate 
and relatively simple to use in terms of computing power and time. 
The strategy was to study relatively simple situations and then to gradually increase 
the complexity, forming methods for predicting delamination in each case. These are 
described below. 
1. Curved laminates under out-of-plane forces and bending 
moments but without any ply discontinuities. An 
approach was developed based on using Weibull theory 
with a simple quadratic stress criterion. It takes account 
of the dependence of through-thickness strength on the 





Laminates with discontinuous plies in bending and in-
plane loading but no curvature or out-of-plane forces. In 
this case, it was possible to derive a closed form solution 
for the strain energy release rate of delamination from the 
ply-drop. It can be used as a simple initial design tool. A 
parametric study was also carried out to look at the effect 
of the size and location of the ply-drop, lay-up of the 
laminate, and the loading conditions. 
Straight laminates with discontinuous plies under both 
in-plane and out-of-plane loading. A numerical mixed-
mode strain energy release rate approach was developed 
which takes account of matrix yielding prior to crack 
propagation. An additional study was also carried out to 
predict delamination under cyclic loading. A Paris type 
equation was used to relate the rate of crack propagation 
with the cyclic strain energy release rate. 
4. Curved laminates with discontinuous plies under any 
loading. The approach in (3) was used but since there 
was more opening mode delamination in the curved 
laminates, the mixed-mode strain energy release rate 
criterion was more fully verified. The use of an 
interactive yield criterion to predict the size of the yield 
zone prior to delamination was also required. 
5. Both straight and curved laminates under any loading, for 
cases with several delamination sites. A finite element 
was designed which models the interface between plies. 
The initiation and propagation of delamination at any 
number of sites can be predicted when the interface 
element is inserted into a finite element model of the 
laminate. However, the approach is more computer 
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In each case, specimens were designed and tested to isolate the individual problems. 
Analysis was then carried out and verified with the experimental results. All of the 
specimens were loaded statically, although one type was also loaded cyclically to 
look at the issue of fatigue. The material chosen for specimen manufacture was 913 
epoxy reinforced with E glass fibres. This composite is used for rotor blade 
construction but more importantly in terms of the research, it is relatively 
inexpensive and since it is translucent delaminations can be detected visually. To 
separate the problem of free edge delamination from delamination induced by 
curvature and dropped plies, unidirectional specimens were tested. This enabled us to 
study the latter two issues in isolation. The interaction between all three cases could 
then be investigated more easily in future research. 
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Chapter 2 
Established Methods for 
Predicting DelaUlination 
Delamination is usually predicted using either stress based failure criteria or strain 
energy release rate based criteria. An introduction to both these concepts will 
therefore be given, along with references to some of the relevant literature in each 
case. Note that the above two concepts are not the only ones to have been used for 
predicting delamination in composite laminates. There are other less popular or less 
well established approaches such as using stress intensity factors [8], l-integrals [9], 
Weibull theory or interface elements with the finite element method. The latter two 
will be discussed in subsequent chapters. 
2.1 Methods based on stress 
Many stress based criteria exist for predicting in-plane failure in composites. 
However, we are concerned with delamination here, so only out-of-plane failure 
criteria will be discussed. Since delamination is a matrix dependent failure mode, 
stress-based prediction methods should be based on the stresses in the matrix. These 
are related to the interlaminar shear and through-thickness normal stresses in the 
laminate, although there is evidence of delamination depending somewhat on the 
fi bre direction stress [10]. Composites are not isotropic materials and geometric 
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attributes such as ply-drops complicate the interlaminar stress state. Therefore, the 
finite element method is often used to obtain the interlaminar stresses, which are then 
substituted into an inequality along with material strength values. Failure is predicted 
if, anywhere in the structure, the left hand side of the inequality is greater or equal to 
the right hand side. 
2.1.1 Maximum stress criteria 
This is the simplest form of failure criterion. It works well when there is one 
predominant stress component. According to these criteria, through-thickness failure 
will occur when one of the interlaminar stress components reaches or exceeds the 
corresponding material strength, as indicated below: 
when <J3 > 0 (2.1) 
when <J3 < 0 (2.2) 
(2.3) 
(2.4) 
where <J and 't are normal and shear stresses, subscript 1 refers to the fibre direction, 
and subscripts 2 and 3 refer to the in-plane and out-of-plane directions transverse to 
the fibres, respectively. Finally, S refers to the shear strength and Zt and Zc are 
absolute values of the through-thickness tensile and compressive strengths. 
respectively. 
For convenience transverse isotropy is often assumed, i.e. S 13 = S \2, Zt = Yt and Zc = 
Yc (where Y is the transverse in-plane strength), so that data from in-plane tests can 
be used. However, the in-plane and out-of-plane strengths are generally slightly 
different so it is recommendable to use through-thickness test data wherever 
possible. There are many types of tests for evaluating the interlatninar strengths of 
9 
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composite laminates and each has its own advantage and disadvantage. Some of the 
most popular are the short beam shear test, V -notched beam in shear, short block in 
tension and waisted block in compression. These and other test methods are 
described and assessed in [11]. 
2.1.2 Interactive stress criteria 
When there is more than one significant stress component at the same point in the 
structure, it is necessary to take account of the interaction between them. There are 
numerous interactive stress criteria which have been used for predicting delamination 
in composites. 
The von Mises yield criterion, which was designed for use with metals, has been used 
to predict failure in the resin rich layers between plies [12]. Yielding or failure occurs 
when the following inequality is satisfied: 
2 2 )2 2 2 (aI - an) + (an - am) + (alII - aI ~ ay (2.5) 
where aI, an and alII are the three principal stresses in the matrix, and ay is the yield 
stress in simple tension. 
The matrix is usually some form of polymer; and since polymers generally have 
different compressive and tensile yield stresses and the hydrostatic stress influences 
yielding, the von Mises criterion is not suitable for predicting matrix failure. Raghava 
proposed a yield criterion which was found to work well with both glassy amorphous 
polymers [13] and crystalline polymers [14]. Yielding occurs when, 
(aI - an)2 + (an - am)2 + (alII - aI)2 
+ 2(al + an + am)(aYC - ayt) ~ 2ayt.ayC (2.6) 
where ayt and ayc are the absolute values of the yield stresses In tension and 
compression, respectively. 
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The main problem in applying the above two criteria is that the stresses in the matrix 
have to be found. This means one cannot assume the composite to be a homogeneous 
material, which is often done to simplify the finite element analysis. 
Hashin [15] proposed a matrix failure criterion based on the matrix stresses which 
can be obtained directly from the "homogeneous composite" stresses. In other words, 
the fibre direction stress, which is different in the fibres and the matrix, does not 
appear in the criterion. This is largely carried by the fibres, anyway. The criterion is 
further simplified by assuming transverse isotropy. The difference between the 
compressive and tensile strengths is taken into account as follows: 
(2.7a) 
(2.7b) 
The first two terms in (2.7b) model the much larger failure stress under hydrostatic 
pressure compared to uniaxial compression. The tensile component of (2.7) was 
reduced to plane-stress and used to model test data of unidirectional specimens in 
off-axis tension. Reasonable agreement was observed with boron / epoxy, whilst 
there was very good agreement with glass / epoxy specimens. If we consider just the 
interlaminar stresses (i.e., (J2 = 0 and "'C12 = 0), and use the corresponding interlaminar 
strengths, Zt and Zc, instead of Yt and Yc, equations (2.7) reduce to, 
(2.8a) 
for through-thickness tension and, 
1 I 
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(2.8b) 
for through-thickness compression. Equations (2.7) predict matrix failure in general, 
whereas equations (2.8) specifically predict through-thickness or delamination 
failure. 
Shokrieh and Lessard [16] proposed a delamination criterion similar to (2.8) which 
took account of non-linear shear stress - strain behaviour: 
(2.9) 
where y is the shear strain, f is the ultimate shear strain, and Z = Zt in tension and Z 
= Zc in compression. Knowledge of the shear stress - strain response of the material 
is required for this criterion, and a non-linear stress analysis would have to be done, 
which makes it rather cumbersome. Nevertheless, they found it was important for 
carbon / epoxy laminates. 
Altus and Dorogoy [17] proposed a single delamination failure criterion for both 
through-thickness compression and tension. They accounted for the much lower 
relative tensile strength as follows: 
(2.10) 
where in this case 't2 = ('t132 + 't232) and S = S13 = S23. Notice that under pure through-
thickness compression delamination will not occur, which infers an infinite 
compressive strength. It is true that the through-thickness compressive strength of 
composites is much higher than the tensile strength. but it is certainly not infinite. 
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Thus, it would not be reasonable to use this criterion in situations with significant 
through-thickness compression. 
Finally, Fish and Lee [18] modified the Tsai-Wu criterion [19] by uncoupling the 
out-of-plane stresses from the in-plane stresses, and assuming S = S13 = S23 as in the 
previous criterion. Their criterion states that delamination will occur when , 
(2.11 ) 
2.1.3 Whitney-Nuismer methods 
From an analysis assuming linear-elastic material properties, the stresses at geometric 
discontinuities such as ply-drops and free edges of multidirectional laminates can 
often be infinite, even when the structure is burdened well below its failure load. 
Therefore, it is pointless to predict failure based upon the stress state at these stress 
singularities. 
Whitney and Nuismer [20] proposed two approaches to overcome this problem. In 
the first approach, failure occurs when the stress at some distance, do, away from the 
discontinuity equals or exceeds the strength of the material. The physical meaning of 
do, given by the authors, is the distance over which the material must be critically 
stressed in order for there to be a sufficiently large flaw to initiate failure. The second 
approach is similar. Failure is predicted when the average stress over some distance, 
ao, away from the discontinuity reaches or exceeds the strength of the material, i.e., 
(2.12) 
where (JF is the strength of the material and x is the distance from the discontinuity. 
Both ao and do were assumed to be material properties independent of laminate 
geOlnetry and stress distribution. However, we shall soon see that many researchers 
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have found the contrary. Any of the previous stress based failure criteria may be used 
in conjunction with the Whitney-Nuismer approaches. 
One advantage of these approaches is that they predict a reduction in strength of the 
laminate with an increase in size of the geometric discontinuity. This type of size 
effect is quite important in composites. 
2.2 Strain energy release rate approach 
2.2.1 Introduction 
In 1920 Griffith [21] published an article which outlined a failure criterion based on 
energy rather than stress. He postulated the following. 
1. According to the theorem of minimum potential energy, for a system to be in a 
state of equilibrium, the total potential energy must be at a minimum. 
2. Consider a system consisting of an elastic body with a crack under loading. If the 
crack propagates so that the crack area increases by dA, the system will be in a 
state of nonequilibrium for an instant after the crack has grown. The system will 
then revert back to a state of equilibrium after the loads have redistributed and 
hence the potential energy of the system, II, will reduce. 
3. For new crack surface to be created, energy is required to break the bonds between 
the molecules on either side of the crack. 
4. The energy required to create the new crack surface, W s, is taken from the strain 
energy of the surrounding material and is equal to the net reduction of the 
potential energy of the system. 
In other words, 
dWs dII 
--=-- (2.13 ) 
dA dA 
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Later, Irwin [22] referred to the right hand tenn in (2.13) as the "energy release rate", 
G. Also known as the strain energy release rate or the crack extension force, G is a 
measure of the energy available in the system for a crack to grow. It is found by 
calculating the loss in potential energy per unit increase in crack area for a 
hypothetical crack propagation. Real crack propagation will occur when G is equal to 
or higher than the critical value, Gc, which is assumed to be a material property and is 
equal to the left hand term in (2.13). The potential energy of the system is, 
II=U-W (2.14) 





From this we can deduce that if we double the scale of a structure, including any 
defects or geometric discontinuities such as delaminations or ply-drops, the strain 
energy release rate will also double for a constant applied stress. Hence, similarly to 
the Whitney-Nuismer stress based methods, a reduction in strength with an increase 
in defect size is predicted with the strain energy release rate approach. However, in 
this case there is a more sound theoretical foundation. 
For some situations it is possible to derive a closed form solution for the strain 
energy release rate (see chapter 4), but often it is evaluated using the finite element 
method. 
2.2.2 Calculating G using the finite element method 
The first step in applying the strain energy release rate approach is to identify where 
the crack is likely to grow. Thus, it is usually necessary to study the stress 
distributions in the structure beforehand. In composite laminates the crack path 
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frequently follows the resin rich layer between plies. A finite element model is then 
created with pairs of coincident nodes along the likely crack paths. The nodes belong 
to the elements on either side of the virtual crack and are initially held together using. 
for example, very stiff spring elements. Step by step, the nodes are then released to 
simulate crack propagation. At each increment of crack length the strain energy in the 
model is recorded, along with the displacements of the nodes at the applied loads. It 
is then possible to calculate the strain energy release rate as a function of the crack 
length using (2.15). Assuming linear-elasticity, once the G against crack length curve 
has been found, the strain energy release rate at any load can be obtained since it is 
proportional to the square of the load. 
a). Mode I (opening) 
b). Mode II (shearing) 
c). Mode III (tearing) 
FIG. 2.1 The three modes of crack formation 
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Crack propagation can be separated into three modes, as seen in figure 2.1. To 
calculate the individual components of G corresponding to each mode, i.e., Gr, G
n
. 
and GIll, there has to be more than one spring at each node. If there is a combination 
of mode I and mode IT crack propagation, one of the springs should act in the 
direction normal to the crack plane, and the other should act parallel to the crack 
plane. The springs are then released one by one and the energy change is recorded for 
each release. The energy change caused by releasing the normal spring gi ves the 
value of Gr, and the energy change due to releasing the parallel spring gives the value 
of GIl [23]. 
Node pair n 
Coincident nodes along crack path 
Distance between 
node pair n, dni 
a). Step i of analysis 
Reaction force between 
coincident node pair n, Rni+1 
b). Step i+ 1 of analysis 
FIG. 2.2 Virtual crack closure technique applied to finite element method 
An alternative method for calculating the strain energy release rate is the virtual crack 
closure technique. This is based on Irwin's notion that the energy released due to an 
infinitesimal crack extension is equal to the work required to close the crack to its 
original length [24]. Hence, the strain energy release rate can be derived from the 
relative displacements of the node pair just ahead of the crack tip and the reaction 
forces between them just after they have been bound together. So for a linear-elastic 
material and small deformations, 
G ll. d i R i+! = i'2. n' n 
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where d is the relative displacement between the pair of nodes, R is the component of 
the reaction force between them parallel to the relative displacement and n refers to 
the node pair just ahead of the crack tip in step i of the finite element analysis, as 
seen in figure 2.2. Note that one may just as easily start with the coincident nodes 
held together and calculate G from R in the first step and d in the next step, after the 
nodes have been released. 
If there are many steps in the analysis, one can obtain a curve of G against crack 
length as in the previous energy method. It is also possible to obtain each mode of G 
separately by resolving d into components parallel and perpendicular to the crack 
plane and multiplying each by the corresponding components of the reaction force. 
Since the work done in closing the crack is calculated directly from the finite element 
nodal forces and displacements, the strain energy release rate will be less sensitive to 
mesh density than the stresses, which are based on the derivatives of the nodal 
displacements. Furthermore, by refining the mesh it is possible to reach a converged 
solution for G even when there are stress singularities. This is one of the main 
reasons the strain energy release rate approach is favoured over stress based criteria 
for situations where there are stress singularities. 
2.2.3 Evaluation of the critical strain energy release rate 
The pure mode I critical strain energy release rate, GIc , can be obtained from the 
double cantilever beam or DCB test. This is basically a beam with an already existing 
delamination at one end, loaded in through-thickness tension, as seen in figure 2.3. 
There are several pure mode II tests for obtaining GUe . The most widely used [11] is 
the end notched flexure or ENF test, seen in figure 2.4. This is similar to the DCB 
test except the specimen is loaded in three point bending. There are very few 
satisfactory pure mode ill tests. Robinson and Song [25] describe a modified split 
cantilever beam or SCB test which can provide an accurate value of the pure mode III 
critical strain energy release rate, GIlle. 
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FIG. 2.3 DCB test for GIc FIG. 2.4 ENF test for Guc 
The critical strain energy release rate for mixed-mode delamination, for a range of 
mode I to mode II loading ratios, can be found using the modified NASA mixed-
mode bending or MMB test, described by Reeder [26]. Various data reduction 
methods for obtaining the critical strain energy release rates from DCB, ENF and 
MMB tests are discussed in [26-30]. 
2.2.4 Strain energy release rate failure criteria 
When fracture is dominated by one mode or when the critical strain energy release 
rate is not dependent on mode of fracture, it is reasonable to predict crack growth by 
the simple criterion below. 
(2.17) 
where Gc is the value corresponding to the dominant mode. Since composites are not 
homogeneous and are very anisotropic, the value of Gc is generally quite different for 
different modes of fracture. This has resulted in the proposal of many interactive 
failure criteria for mixed-mode delamination. 
Analysis of mode ill delamination is not encountered often in the literature and most 
failure criteria are only functions G1 and Gu. Failure envelopes can be constructed by 
plotting the strain energy release rate at failure on a graph with G1 on one axis and Gil 
on the other. A pure mode I value, a pure mode II value, and several mixed-mode 
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data points are required. Many mathematical models have been proposed to curve fit 
these failure envelopes. Reviews of strain energy release rate failure criteria have 
been made by Garg [31] and Reeder [26]. Garg reported frequent use of the following 
criterion in the literature: 
(~Jm + (~Jn ~ 1 G Ie G llc (2.18) 
where m and n are empirically determined constants, and mentioned several 
researchers had found n = m = 1 for mixed-mode delamination in composites. Reeder 
[26] and Rhee [32] both found n = m = 1 worked well for carbon / PEEK composites. 
Mixed-mode data given by Kinloch et al [33] for carbon / epoxy also shows very 
close correlation with n = m = 1. However, Reeder did not find (2.18) satisfactory in 
modelling mixed mode data for carbon / epoxy composites, even when nand m were 
obtained by curve-fitting the data. Tests conducted by Hwu et al [34] showed m = 
1.25 and n = 1.5 for glass / epoxy. Bradley [35] found that the values of nand m 
varied considerably between eight different composite materials and were not close 
to 1. Thus, there seem to be very conflicting views on this criterion and different 
composite systems have very different failure loci. 
Another, more complicated, failure criterion was proposed by Hashemi et al [36] 
which can model the increasing GI with mode II loading sometimes observed for 
certain material systems. In this case, crack propagation is predicted when, 
(2.19) 
where a and b are empirical constants found from mixed-mode tests. Reeder [26] 
found the above criterion matched his mixed-mode data for carbon / epoxy very well. 
However, he also found just as good correlation with a much simpler bilinear 
criterion. The increasing GI with mode II loading and the sudden "kink" in his carbon 
/ epoxy failure envelopes could be characterised by, 
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(2.20a) 
(2.20b) 
where ~ and S are the slopes of the two line segments in the failure envelope, as seen 
in figure 2.5. He explained the kink in the failure locus was due to a change in the 
failure mechanism somewhere between pure mode I and pure mode II loading. 
More failure criteria can be found in [26] and [31]. At this point it is sufficient to say 
that as yet there is no unanimous agreement as to what failure criteria to use for a 
particular material system. A conservative and simple approach would be to use 
(2.18) with m = n = 1. 
FIG. 2.5 Schematic diagram of bilinear failure criterion [26] 
2.3 Applications to real structures 
The following is an account of the use of stress based and strain energy release rate 
based approaches for predicting delamination in composite structures, which was 
found in the literature. By comparing the predictions to the experimental results in 
each case, it will be possible to see the strengths and weaknesses of the different 
approaches. It will also be possible to see areas where there is a need for further 
research. 
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2.3.1 Stress based methods 
Sen and Fish [37] subjected flat composite laminates to torsion loading to induce 
delamination failure due to interlaminar shear. Using the simple maximum 
interlaminar shear criterion they were able to predict the failure loads to within 5% 
for nine laminates with different lay-ups. 
Vizzini and Lee [12] used the finite element method to analyse several different 
laminates with internal ply drops. They modelled the resin pocket at the end of the 
ply-drops and the resin rich layers between plies separately from the composite 
material. Hence, they were able to predict delamination failure using the von Mises 
criterion. However, since the stresses in the resin rich layers varied significantly with 
their assumed thickness, only a qualitative comparison with the experimental results 
could be made. When they assumed the resin pocket at the ends of the discontinued 
plies was initially cracked, the predicted locations of failure initiation and crack 
propagation matched the test results. 
Altus and Dorogoy [17] also made qualitative predictions of delamination, in this 
case in a flat laminated plate with a circular hole subjected to in-plane loading. When 
the maximum through-thickness tensile stress criterion was used, the position of 
delamination initiation matched the experimental results, but the shapes of the 
delaminated regions didn't compare well. Better results were obtained using the 
maximum three-dimensional principal stress criterion. The criterion they proposed, 
(2.10), was not very successful. 
On the other hand, Whitney and Nuismer [20] found both their failure criteria 
worked well in predicting the in-plane failure loads of quasi-isotropic glass / epoxy 
laminates with circular holes and (0° / ±45°)s carbon / epoxy laminates with initial in-
plane cracks. Unfortunately, the failure mode was not mentioned. The predicted 
reduction in strength with increasing hole diameter and crack length matched their 
experimental results, and they used the same values of ao = 3.8mm and do = 1 mm for 
all their predictions. Thus, they assumed the characteristic distances to be 
independent of the type of geometric discontinuity, lay-up and material. 
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Nuismer continued using the averaging distance method with Labor [38,39]. Good 
results were reported, although different values of ao were used for the same carbon / 
epoxy material system; ao = 2.3mm in [38], and ao = 6.2mm in [39]. Testing and 
analysis by Morris and Hahn [40] also showed the averaging dimension depended on 
laminate lay-up. 
Kim and Soni [41] used the averagIng distance method to predict free-edge 
delamination in carbon / epoxy laminates under axial tension and compression. They 
obtained the average through-thickness tensile stress near the free-edges and 
compared it with the in-plane transverse strength. Thus, by assuming transverse 
isotropy and ao = 1 ply thickness, they were able to predict the onset of delamination 
reasonably well for laminates with six different lay-ups. The scale of the specimens 
was varied by changing the laminate thickness. The criterion matched the 
experimentally observed reduction in strength with increase in thickness reasonably 
well. 
Fish and Lee [18] used their own criterion, (2.11), and the simple maXImum 
interlaminar shear stress criterion, in conjunction with the averaging distance 
method, to predict delamination in two types of multidirectional glass / epoxy 
laminates. They tried using four different averaging distances: Y2 a ply thickness; 1 
ply thickness; 1 Y2 ply thicknesses; and 2 ply thicknesses. When using the maximum 
interlaminar shear stress criterion with ao = 1 ply thickness, the predicted locations of 
delamination matched the experimental observations, and the predicted failure loads 
fell within 3% of the experimental results. However, their modified Tsai-Wu 
criterion was not very successful and was more sensitive to the averaging distance. 
Zhou and Sun [42] applied the averaging distance method with the quadratic stress 
criterion, (2.8a), given earlier, to predict free edge delamination in carbon / epoxy 
laminates. The predicted failure loads were very close to the experimental values. but 
this time an averaging distance of 2 ply thicknesses was used. 
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Shokrieh and Lessard [16] used their quadratic stress criterion, (2.9), which takes 
account of non-linear shear stress - strain response, to predict the initiation of free-
edge delamination at circular holes in three different carbon / epoxy laminates. They 
criticised the Whitney-Nuismer methods for lacking physical meaning and quoted the 
use of four different values of ao found in the literature. However, their alternative 
was not by any means more rational. They used the stresses averaged over each 
element in their finite element model, which means their predictions were mesh size 
dependent. Nevertheless, comparison with the test results was quite good. Predictions 
assuming linear-elasticity, i.e. using (2.8a), were very unconservative. 
2.3.2 Strain energy release rate methods 
Among the first to apply the strain energy release rate approach to study delamination 
in composites were Rybicki et al [43]. They applied the virtual crack closure 
technique using the finite element method to obtain the strain energy release rate for 
free edge delamination in a multidirectional boron / epoxy laminate under axial 
tension. From the curves of the total strain energy release rate against crack length 
they were able to determine when the propagation switched from stable to unstable. 
There was good correlation with the test results. 
Later, Wang and Crossman [44] and Crossman et al [45] made quantitative 
predictions of free edge delamination in carbon / epoxy laminates. Again , they used 
the total strain energy release rate and assumed Gc to be independent of mode ratio. 
Using the maximum values of G from the graphs of G against crack length, they 
predicted the onset of delamination at loads very close to the averaged experimental 
values. 
A very similar approach was taken by O'Brien [46]. He found the strain energy 
release rate reached a constant asymptotic value after a short crack propagation. This 
value matched the value from an analytical solution he derived, and was used to 
predict the load at the onset of free edge delamination in carbon / epoxy laminates. 
Specimens were manufactured with three different thicknesses and the total strain 
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energy release rate criterion, (2.17), predicted the reduction in failure strain with 
specimen thickness reasonably well. Shortly after, he studied the effect of mode ratio 
more closely [47]. Three multidirectional carbon / epoxy laminates were designed to 
produce different mode ratios at the free edges when loaded in tension. As expected. 
failure was found to depend on the mode ratio, and the mode I component dominated 
the onset of delamination. 
Years later, Wang [48] used the maximum total strain energy release rate to predict 
free edge delamination in carbon / epoxy laminates, even though there was mixed 
mode loading. However, account was taken of the thermal residual stresses when 
calculating G, and reasonably good agreement with experimental results was 
obtained. 
Finn and Springer [49] described a strain energy release rate approach for predicting 
delamination growth initiating at transverse matrix cracks and propagating along the 
interfaces with uncracked plies. They assumed the strain energy release rate was 
equal to the strain energy per unit area in the block of transversely cracked plies. In 
other words, they neglected the change in strain energy in the surrounding uncracked 
plies. Finn et al [50] then applied the approach to predict the size and shape of 
delaminations in several different carbon / epoxy, carbon / toughened epoxy and 
carbon / PEEK laminates under out-of-plane loading. There was good agreement 
with experimental results. 
Delamination from transverse matrix cracks was also predicted by Takeda and 
Ogihara [51], but in this case for laminates under in-plane tension. They derived a 
closed form solution for G, and assuming Gc = GIIc were able to accurately predict the 
delamination length as a function of axial strain for three types of laminate. 
Lammerant and Verpoest [52] predicted delamination growth from transverse matrix 
cracks in carbon / epoxy cross-ply laminates under out-of-plane shear loading. Using 
the virtual crack closure technique with the finite element method, they predicted 
delamination growth at the same locations as those observed in the tests. The loads at 
delamination growth were predicted reasonably well. 
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2.3.3 Use of both stress and strain energy release rate 
Brewer and Lagace [53] applied a stress criterion similar to (2.8a) along with the 
averaging distance method to predict free edge delamination in carbon / epoxy 
laminates. Specimens were prepared with three different lay-ups and five thicknesses 
in each case. By best fitting all the test data, they obtained a value for the interlaminar 
shear strength and a value for the averaging distance, ao = O.178mm (which is 
different from all the previously quoted values of ao for carbon / epoxy). They then 
calculated the strain energy release rate for edge delamination in the specimens and 
obtained a value of Gc for each family of lay-up by best fitting each set of 
experimental data. The average stress approach generally modelled the size effect 
more accurately than the strain energy release rate approach. However, this might be 
due to the fact that there were more empirical constants to best fit the data in the 
stress based approach. 
Cui et al [54] compared several stress based failure criteria and the strain energy 
release rate criterion, for predicting delamination in unidirectional glass / epoxy 
specimens waisted through the thickness. In this case, where there were no stress 
singularities, the stress based criteria were more successful than the strain energy 
release rate approach. There was not a great deal of difference between the predicted 
failure loads with the different interactive stress based criteria. 
Cui et al [55] also made a comparison of failure criteria for predicting delamination 
in glass / epoxy specimens with discontinuous plies. In this case, there were stress 
singularities. Application of both the Whitney-Nuismer methods with the Tsai-Wu 
criterion showed that the characteristic distances, ao and do, were not material 
constants. Application of the total strain energy release rate criterion, (2.17), showed 
that Gc was a function of the ratio of discontinuous to continuous plies, and the scale 
of the specimen. However, the former could be due to different mode ratios between 
specimens with different numbers of discontinuous plies. On the whole, the strain 
energy release rate approach was more accurate than the stress based approaches. 
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Davies and Robinson [56] analysed quasi-isotropic carbon / epoxy plates with 
different thicknesses under out-of-plane loading. Using the maximum shear stress 
criterion they predicted the damage area as a function of impact force. There \\'as 
good correlation with the test data for Imm thick plates, but not for the 2mm and 
4.3mm plates. A closed form solution for the delamination strain energy release rate 
in the plates was derived. Using the value of Gc from ENF tests, the loads at the 
initiation of damage were predicted reasonably well for all the plates. 
Minguet and O'Brien [23] used the maXImum stress criterion to determine the 
location and initiation load of matrix cracking in carbon / epoxy skin-stringer 
specimen in four-point bending. There was good agreement with the test data. Finite 
element analysis was then conducted and the strain energy release rate was found for 
delamination from the location of damage initiation. This was done using the change 
in total energy approach, described in section 2.2.2. The first value of G on the curve 
of G verses crack length was used to predict failure. There was good agreement with 
the experimental results, but since the initial value of G was used, his approach was 
very mesh size dependent. 
Hwu et al [34] overcame the mesh size dependency problem by assuming the initial 
crack length was equal to a characteristic defect size. They used the mixed-mode 
strain energy release rate criterion, (2.18), with m = 1.25 and n = 1.5, to predict the 
locations and onset loads of free edge delamination in four different types of glass / 
epoxy specimens. Assuming an initial flaw size of 1 ply thickness, the failure loads 
were predicted within 10% of the experimental results, and the right delamination 
locations were predicted in every type of specimen. They also applied the quadratic 
stress criterion, (2.8a), using the stresses averaged over a distance of 2 ply 
thicknesses. The predicted delamination locations were correct and the failure loads 
from the analysis were within 7% of the test data. 
However, when similar specimens were prepared with 4mm edge delaminations by 
using PTFE inserts, the strain energy release rate approach gave failure loads within 
8% of the experimental results. whilst the stress based criterion gave discrepancies of 
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more than 20%. Thus, the stress based criterion worked better than the modified 
strain energy release rate approach when there was no initial damage, and in cases 
where there was an existing crack, the strain energy release rate approach worked 
best. 
Work by Davies et al [57,58] appears to reflect this. In [57], delamination was 
predicted in a carbon / epoxy quasi-isotropic circular plate under a uniform pressure. 
The maximum interlaminar shear stress criterion was used to predict the initiation of 
fracture, and the strain energy release rate approach was then used to predict the 
growth of delamination. Low velocity impact tests were also performed on woven 
glass / phenolic resin laminates. The analysis showed that a stress based criterion was 
needed to predict the initiation of damage but that the strain energy release rate 
approach became more suitable after the damage area had grown. Similar 
conclusions were drawn in [58], from a study of delamination in circular carbon / 
epoxy laminates in bending. 
2.4 Discussion 
From the literature survey given above we can see there is a large amount of work on 
predicting free edge delamination in flat laminates under in-plane loading. A 
reasonable amount of work has been done on predicting delamination in laminates 
with transverse matrix cracks. There are a few papers on delamination in laminates 
with discontinuous plies under in-plane loading, and delamination due to through-
thickness shear loading. Little or no work was found on predicting delamination in 
curved laminates with discontinuous plies, or laminates with discontinuous plies 
under out-of-plane loading. Therefore, the work in this thesis will help fill a gap in 
the field of research. 
Comparing the different prediction methods we see that stress based failure criteria 
are useful tools for predicting the initiation of delamination when there are no stress 
singularities present. No particular stress criterion stands out as being the most 
28 
Chapter 2 Established Methods for Predicting Delamination 
successful, although the form given in (2.8a) seems to be quite popUlar. When there 
are stress singularities or existing cracks, the strain energy release rate approach, via 
the virtual crack closure technique, seems to work well as long as the mode ratio is 
accounted for. Again, no particular criterion stands out as being the most successful. 
although the form given in (2.18) is the most popular and easy to use. 
The Whitney-Nuismer methods are less recommendable smce the characteristic 
distances are obviously not material constants and depend on the lay-up of the 
laminate. Furthermore, the physical foundation on which they are based is not as 
strong as the strain energy release rate approach. However, when the latter approach 
is used for situations where no crack is present, an initial defect has to be assumed. 
The size of this initial defect was previously ambiguous, but work in this thesis will 
show you can relate it to the size of the yield or damage zone at the stress singularity. 
Since the yield zone size is estimated from the calculated stress distribution, the 
initial crack size is not ambiguous. 
The use of a stress based criterion to predict damage initiation, and then a strain 
energy release rate criterion to predict damage growth, seems to be the way ahead. 
This approach can be automated by using specially designed elements which model 
the interface between plies in a finite element model. Work in this area is still in its 
early stages of development. Chapter 8 in the thesis will survey work by the other 
authors in this field, and the approach will be applied to straight and curved laminates 
with discontinuous plies. 
There was much work in the literature reporting the use of either the averagmg 
distance method, or the strain energy release rate approach, for modelling the 
reduction in strength with increasing laminate thickness. On the whole, both methods 
worked reasonably well. However, both these methods are used for predicting 
delamination from stress singularities or geometric discontinuities. When these are 
not present in the structure there is still a reduction in strength with increasing 
stressed volume. To take account of this volumetric size effect another approach has 
to be taken. This is the subject of the next chapter. 
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3.1 Introduction 
Curved laminates under out-of-plane loading can fail due to a combination of 
through-thickness tensile and interlaminar shear stresses. When there are no 
geometric discontinuities which can cause stress singularities, failure can be 
predicted with a stress based failure criterion, such as those given in section 2.1.2. 
Some experimental studies on through-thickness failure criteria have been 
performed, for example using waisted tensile specimens [54], or curved beams in 
tension [10], but there was a need for further experimental data. Therefore, a type of 
specimen was designed and tested to look at the problem of combined interlaminar 
shear and tension, and to see if a simple stress based failure criterion was able to 
accurately predict failure [2]. 
From the analysis it was found that the peak tensile stress in some of these specimens 
was higher than the interlaminar tensile strength measured previously [60] from 
specimens with no shear stress. However, the volume of highly stressed material in 
the former type of specimen was much smaller than that in the latter type of 
specimen. Thus, account was taken of the volumetric size effect to try to explain the 
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discrepancy. After adjusting the stresses using Weibull theory, the failure envelope 
matched a simple stress based failure criterion reasonably well. 
3.2 Description of specimens 
The author was not involved with the design and testing of these speCImens. 
However, a summary will be given to introduce the reader to the analysis. A more 
exhaustive description of the specimen manufacture and testing is given in [2]. 
A schematic diagram of the specimen and test arrangement can be seen in figure 3.1. 
The specimen consists of 32 plies of unidirectional E glass / 913 epoxy cured in the 
form of a miniature croquet hoop, and is loaded in three-point bending. The shape of 
the hoop incorporates three straight portions and two 90° curved portions. The out-
of-plane shear force caused by the central loading roller produces interlaminar shear 
stresses, and the bending moment gives rise to through-thickness tensile stresses in 
the curved portions of the specimen. The maximum values of both types of stresses 
occur in the curved portions of the specimen near the border with the central straight 
section. Thus, failure is due to a combination of the two types of stress. 
Furthermore, the ratio between the two types of stress could be changed simply by 
varying the lengths of the two straight "leg" portions. This is because longer legs 
splayed out more during loading, thus giving rise to higher bending moments in the 
curved sections. Hence, longer specimens had a higher relative through-thickness 
tensile stress compared to the interlaminar shear stress. Specimens were 
manufactured with two different lengths to obtain the strengths corresponding to two 
different ratios of interlaminar stress. The distance between the ends of the specimen 
to the inside of the central flat surface was 13mm for the short specimens and SOmm 
for the long specimens, as seen in figure 3.1. 
Several specimens of both lengths were cut to a width of 10mm and loaded until 
failure. Failure was due to interlaminar cracking close to the mid-thickness of the 
31 
Chapter 3 
Weibull Theory Applied to Curved Laminates 
specimens. Crack propagation was unstable and extended around most of the length 
of the specimens. The bending strain and load at failure were recorded in each test. 
The bending strain was measured by a strain gauge placed directly under the loading 
roller. Tables 3.1 and 3.2 show the loads and strains recorded at failure, together with 





• strain gauges 
width = 10 
4 (nominal) 
PTFEtape 
dimensions in mm 
FIG. 3.1 Schematic diagram of hoop specimen and test arrangement 
Speci Mean Thickness of Load at Strain at 
-men Width (mm) thickness of straight central failure (N) failure 
no. curved section (mm) 
portions (mm) 
1 10.04 3.78 4.36 2651 0.02628 
2 10.00 3.73 4.24 2498 0.02809 
3 10.03 3.80 4.39 2737 0.02815 
TABLE 3.1 Summary of results for long specimens 
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Speci Mean Thickness of 
-men Width (mm) thickness of straight central Load at Strain at 
no. curved section (mm) failure (N) failure 
portions (mm) 
1 9.92 3.75 4.34 3665 0.02789 
2 10.04 3.83 4.40 3860 0.02705 
3 9.45 3.66 4.24 3381 0.02782 
4 9.34 3.72 4.31 3103 0.02380 
TABLE 3.2 Summary of results for short specimens 
3.3 Finite element analysis 
A two dimensional linear elastic finite element analysis was carried out to determine 
the interlaminar stresses in the test specimens. The analysis was performed using 
ABAQUS [59], with four noded plane stress elements of type CPS4. Small deflection 
theory was used. The mesh is shown in figure 3.2, together with the boundary 
conditions. Forces and boundary conditions were applied to produce the correct 
loading in the curved section based on the experimental measurements. Due to 
symmetry it was only necessary to analyse half of the specimen. Only the first five 
mm of the leg of the specimen was modelled. This was sufficient to allow the loads 
to be applied without affecting the stresses in the curved section. The elements in the 
curved section measured 0.25mm in the thickness direction and about 0.25mm in the 
circumferential direction. 
The thickness of the specimen was modelled as constant. Although in practice it was 
higher in the flat portions, these were only included in order to introduce the load 
correctly into the curved section, and so accurate specification of the thickness was 
not critical. A value of 3.75mm was used, based on the average thickness of the 

















FIG. 3.2 Finite element model and boundary conditions 
The material properties for E glass / 913 epoxy are shown in table 3.3. These 
correspond to a nominal ply thickness of O.127mm, and are based on in-plane 
measurements assuming transverse isotropy. The fibre direction modulus was 
corrected for volume fraction based on the average thickness of the curved section, 
by multiplying by the ratio of nominal thickness to measured thickness. This gave a 
corrected value of EJ of 47.6 GPa. No corrections were applied to the other values. 
For the curved section, properties were defined in a cylindrical coordinate system. 
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Fibre direction modulus, El (GPa) 43.9 
Transverse modulus, E3 (GPa) 15.4 
Shear modulus, G13 (GPa) 4.34 
Poisson's ratio, V13 0.3 
TABLE 3.3 Material properties for finite element analysis 
Symmetric boundary conditions were applied at the mid-plane, and a vertical 
restraint was imposed at the centre on the top surface at the point of contact of the 
roller. Forces were applied to the lower end of the beam to reproduce the loading in 
the curved section at failure as closely as possible. Based on the mean experimental 
loads per unit width at failure, upward vertical forces of 131.1 N/mm and 180.5 
N/mm were applied to the half models of the long and short specimens respectively. 
For simplicity, these were applied as two equal point forces at nodes on the two 
surfaces of the specimen. 
The moments per unit width at the centre of the beams were calculated from the 
strains, £ recorded by the gauges under the loading rollers. The thickness at the 
centre, teen, was significantly higher than that in the curved section, and so the volume 
fraction must have been proportionately lower. The Young's modulus, EI from table 
3.3 was therefore corrected by the ratio of the nominal thickness of 4.064mm to the 
thickness teen at the location of the strain gauge. The moment per unit width M is 
therefore given by: 
M = 4.064E1.£.teen 16 (3.1 ) 
The average values for the long and short specimens were 3541 Nmmlmm and 3424 
Nmmlmm respectively. This moment is caused mainly by the vertical force at the 
contact point between the lower cylindrical rollers and the flat plate. However. there 
is also a contribution resulting from the horizontal force acting due to friction. The 
magnitude of this is uncertain, but it can be estimated based on an assumed 
coefficient of friction of 0.05. 
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The moments at the centre of the specimens due to the vertical and horizontal forces 
applied at the lower end were calculated, and hence the additional moments to apply 
at the end of the model to produce the correct central moment were determined. The 
effect of any change in geometry due to deformation of the specimen was ignored. 
The moments calculated were 1688 Nmmlmm and 873.3 Nmmlmm for the long and 
short specimens, respectively. These moments were applied as two equal and 
opposite forces at the two corner nodes on the surface of the lower end of the model. 
Since the horizontal forces due to friction were only estimated, the analyses were 
repeated without these forces. The applied moments were adjusted to give the same 
central moments and the results compared to see how much effect the frictional 
forces had on the stresses in the curved section. 
To check the accuracy of determining the bending strain from the central strain 
gauge, two additional strain gauges were attached on one of the legs on one of the 
long specimens, as seen in figure 3.1. The strain gauges were positioned on either 
side of the top of the leg, 9.5mm below the lower surface of the central straight 
section. The bending moment at the location of the strain gauges was calculated from 
the gauge readings, and the central moment was then determined based on the 
geometry of the specimen and the applied load. The value differed by about 5% from 
the bending moment estimated from the central strain gauge. This confirms that the 
procedure for calculating the moment is reasonable. 
Figure 3.3 is a contour plot of the interlaminar tensile stresses for the short 
specimens. Only the curved section and the central flat portion is shown. The stresses 
are negligible in the straight section, as expected. In the curved section they increase 
from approximately zero on the surfaces up to a peak near the centre of the specimen. 
The maximum value is 86.1 MPa, towards the end nearest the central loading roller. 
Away from this point the stresses reduce as the bending moment decreases. Stresses 
at the surface are not exactly zero, because of the size of the elements, and the way 
the stresses are extrapolated out to the nodes based on the assumption of the ..+ noded 
elelnents that the stress is constant through the thickness. Refining the mesh would 
36 
Chapter 3 
Weibull Theory Applied to Curved Laminates 
reduce these stresses. However, the values at the centre of the elements and where 
stresses from elements on either side are averaged would not be greatly affected by 
further mesh refinement. 
FIG. 3.3 Through-thickness tensile stress distribution in short specimen (MPa) 
Figure 3.4 shows a similar plot for the interlaminar shear stresses. The plot shows the 
expected distribution from close to zero stress near the surfaces up to a maximum 
near the centre of the specimen in both the curved and straight sections. The 
maximum value of -77.3 MPa occurs at the end of the curved section near the 
loading roller. This is close to the location of maximum interlaminar tensile stress. 
Interlaminar shear stresses also reduce around the curved section due to the change in 
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FIG. 3.4 Interlaminar shear stress distribution in short specimen (MPa) 
There is a disturbance in stress at the transition from the central flat section to the 
curved section. This is caused by the ending of the curvature induced radial forces 
modifying the distribution of shear stress at the start of the straight section. As with 
the tensile stresses, interlaminar shear stresses should be exactly zero on the surface, 
and the small values shown on the plot are due to the way the stresses are 
extrapolated out to the nodes. High stresses arising near the point of roller contact 
have not been shown on the plot because they are very localised, and not believed to 
be representative. If the loading arrangement had been fully modelled with contact 
over an area rather than at a point, these stresses would have been much lower. 
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FIG. 3.5 Through-thickness tensile stress distribution in long specimen (MPa) 
Figures 3.5 and 3.6 show similar contour plots of interlaminar tensile and shear 
stresses for the long specimens. The overall distributions of stresses are very similar, 
although the interlaminar shear stresses are lower, with a peak value of -62.6 MPa, 
and the interlaminar tensile stresses are higher, with a maximum of 104.4 MPa. 
Repeating the analysis without the frictional forces gave very similar results. For both 
the short and long specimens, the maximum interlaminar shear and tensile stresses 
were the same as before. Stresses around the curved section were also very similar. 
For example for the short specimen, at a point about 30° around the curve, the 
maximum tension and shear stresses were 66.8 and 62.1 MPa compared with 67.4 
and 60.3 MPa with the frictional force included. Differences were even less for the 
long specimens. This shows that the results are relatively insensitive to how the load 
is applied provided that the bending moment and shear force in the critical area are 
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correct. Since these were based on experimentally measured values, the analysis 
should be accurate despite the uncertainty in the value of friction coefficient. 
FIG. 3.6 Interlaminar shear stress distribution in long specimen (MPa) 
3.4 Interpretation of test results 
The experimental results can now be assessed in the light of the stresses at failure 
calculated by the finite element analysis. In order to compare them with strengths due 
to interlaminar tension alone, the results from curved beams loaded in pure bending 
are used. Specimens of the same material, and with the same thickness, width and 
radius of curvature were previously tested in four point bending [60]. An interlaminar 
tensile strength of 95.1 MPa was deduced from the results. Straight specimens from 
the same plates of material were tested in a short beam shear fixture where there are 
no interlaminar tensile stresses present. The results showed an interlaminar shear 
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strength of 90.0 MPa [60]. Schematic diagrams of the two types of specimen and test 




FIG. 3.7 Test to measure interlaminar tensile strength 
-x 4.13mm 
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Span = 20mm 
FIG. 3.8 Test to measure interlaminar shear strength 
As mentioned at the end of the previous chapter, no particular stress criterion stands 
out as being the most successful, but the form given in (2.8a) seems to be quite 
popular and takes account of the interaction between the stresses. When there are no 
through-width shear stresses, 'T23, the criterion reduces to: 
(3.2) 
where 0"3 is the interlaminar tensile stress, 't13 is the interlaminar shear stress, and Z 
and S are the respective strengths. This simple quadratic interaction equation will be 
used in this study. 
Figure 3.9 shows the experimental results for the hoop specimens compared with the 
expected results based on (3.2) and the strengths for specimens loaded in tension and 
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shear alone. It can be seen that the fit is quite poor for both types of specimen, with 
the actual strengths lying well beyond the failure envelope. In fact the interlaminar 
tensile stress at failure for the long specimens, where a substantial shear stress is also 
present, is higher than that for specimens subject to interlaminar tension alone. 
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FIG. 3.9 Maximum stresses at failure 
At first sight this is a rather surprising result, and makes attempts at establishing a 
failure criterion for interaction between these stress components look rather difficult. 
The explanation is believed to be related to the volume of material under stress. It 
can be seen in figures 3.3 - 3.6 that the maximum stresses occur over a relatively 
small area. In contrast, for the tests used to establish the interlaminar tensile and 
shear strengths, the stress distributions were constant along the length of the 
specimens, and so much larger volumes of material were subject to the maximum 
stress. When specimens of different sizes were tested, with all dimensions scaled. a 
substantial variation in strength was found, particularly for interlaminar tension [60]. 
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Scaled specimens with linear dimensions increased by a factor of 4 were found to 
give interlaminar tensile and shear strengths 44% and 12% lower respectively than 
similar small specimens. 
It is therefore necessary to take account of this size effect in order to explain the 
apparently higher strength under combined shear and tension than under pure tension, 
and to develop a more accurate method of predicting failure. 
3.5 Introduction to Weibull theory 
The strength of brittle materials, such as glass or carbon, exhibits a dependency on 
volume. For example, if two glass fibres of equal diameters but different lengths 
were to be put under a gradually increasing load, the longer fibre would be likely to 
fail first. Griffith [21] attributed this to the existence of microscopic flaws or cracks 
in the material. Since the size and position of these flaws are random, a larger volume 
of material is likely to contain a larger flaw, and thus would be expected to have a 
lower apparent strength. However, this randomness means there will be scatter in the 
data. 
Later, Weibull [61] proposed a statistical method of predicting the strength of brittle 
materials. He defined the survival probability, Ps, of a sample of brittle material 
under a uniformly distributed tensile stress, (J, as: 
(3.3) 
where (Jo is the characteristic strength and m is the Weibull modulus. The above 
function results in probability distributions such as the ones in figure 3.10. The 
values of (Jo and m can be found by fitting experimental data, and are assumed to be 
material constants. The higher the value of m, the more well-defined the failure stress 
is and the lower the value of m, the more scatter there is in the data. , 
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FIG. 3.10 The Weibull distribution function 
Let the definition of Ps in (3.3) correspond to samples of volume Imm3. The 
probability of n such identical samples all surviving is psn. If all the samples were 
joined together to form a chain of volume n x Imm3, the survival probability would 
still be Psn, since failure in one of the samples would result in failure of the chain. 
Hence, the survival probability of a chain of volume V, is: 
P,(chain) = P,v = exp{-v(%J} (3.4) 
From this we can see that at a particular applied stress, Wei bull theory predicts a 
decreasing probability of survival for an increasing volume. Alternatively. the 
predicted mean failure stress will decrease as the volume increases. and the extent to 
which this occurs is related to the value of m. A lower value of m will result in a 
stronger size effect. 
Now, let us consider a structure of volume V under a non-uniform stress distribution. 
If we divide the structure into infinitely small elements of volume dV. and assume 
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failure of one of the elements results in failure of the whole structure. then the 
survival probability of the whole structure is equal to the product of the survival 
probabilities of each of the elements. Hence, 
(3.5) 
Note that the probability of failure, Pf , is simply, 
(3.6) 
For composites, this approach has been applied mainly to tensile failure. It is able to 
take account of both the effects of specimen size and stress gradients on strength [62-
64]. Weibull theory can also be applied to interlaminar failure of composites [60,65], 
and is reasonably straightforward when there is only one stress component of interest. 
Statistical approaches have also been proposed where there are several stress 
components which interact to cause failure [66,67], although the situation becomes 
more complicated in this case. A pragmatic approach is adopted here whereby failure 
due to each of the stress components acting on its own is considered first, and then 
the interaction is accounted for. 
3.6 Application of Weibull theory in present study 
Taking first the interlaminar tensile stresses, the probability of failure is given by: 
(3.7) 
where 0'0 and m3 are the Weibull parameters for interlaminar tensile failure. 
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An equivalent constant interlaminar tensile stress, (J 3' is then calculated. This is 
defined as the constant stress which when acting on the same volume of material as 
the actual variable stress distribution (J3, gives equal probability of failure: 
(3.8) 
Equating (3.7) and (3.8) gives: 
(3.9) 
In the finite element analysis the volume integral is replaced by a summation over all 
the elements: 
(3.10) 
where (J3i is taken as the interlaminar tensile stress at the centre of element i, Vi is the 
element volume, and n is the number of elements. 
The interlaminar shear stresses are then considered on their own. In the same way the 
equivalent constant interlaminar shear stress, '(13' which gives the same probability 
of failure as the actual variable shear stress distribution is, 
[ 
1 ]1/m13 
'(13 = V f 't~13 dV (3.11 ) 
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where m13 is the Wei bull modulus for interlaminar shear. This can be approximated 
to the following for finite element analysis: 
(3.12) 
where 't13i is the interlaminar shear stress at the centre of element i. 
The interaction between interlaminar shear and tension is then accounted for by using 
the quadratic equation: 
(3.13) 
with Z and S being the failure stresses due to interlaminar tension and shear alone, 
for the same volume of material, V, as the specimen whose strength is to be 
predicted. These values need to be derived from experimental results, corrected for 
the variable stress distribution in the tests and for any difference between the volume 
of the test specimen and the volume V. 
The scaled tests mentioned earlier did not give a consistent size effect for failure due 
to interlaminar tension and interlaminar shear [60]. The Weibull moduli m3 and ml3 
for these two failure modes were estimated to be 7.1 and 31.5, respectively. The 
approach adopted provides a relatively simple way of dealing with the interaction 
between these stress components, and avoids some of the difficulties arising from the 
different Wei bull moduli for the different stress components. 
Using these Weibull parameters, the corrected strengths Z and S were calculated. 
For interlaminar tension, this was done from a 2-D finite element analysis of the 1800 
curved section of the specimen shown in figure 3.7, assuming the bending moment to 
be constant. Equation (3.10) was then used to calculate Z. No further correction was 
required because the volume of the curved section was the same as the volume of the 
two curved parts of the hoop specimens J.esled here. This gave an equivalent 
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interlaminar tensile strength, Z, under uniform stress of 81.1 MPa. For comparison, 
the strength derived in [60] based on the maximum stress across the section was 95.1 
MPa. 
For the interlaminar shear strength, finite element analysis was not necessary. The 
parabolic shear stress distribution through the thickness of the short beam shear 
specimen was simply substituted into (3.11) to yield the following equation: 
- s. W HI P 2 2 J3 
[ { 
m jllmJ3 
S = V L, (i6r)t -4Z)] dz (3.14 ) 
where s is the span of the support rollers as seen in figure 3.8, wand t are the width 
and thickness of the specimen respectively, I is the second moment of area about the 
mid-thickness plane, z is the through-thickness distance from the mid-thickness 
plane, and P is the failure load at the central loading roller. The volume of the curved 
portions of the hoop specimens is substituted into V. This accounts for the difference 
in stressed volume between the short beam shear specimens and the hoop specimens. 
The resulting equivalent interlaminar shear strength, S, was 84.3 MPa, compared 
with the value determined previously of 90.0 MPa based on the maximum stress. The 
difference between these values is less than for the interlaminar tensile strengths 
because of the higher Weibull modulus for shear compared with tension. 
Using the results of the finite element analysis presented in section 3.3 and equations 
(3.10) and (3.12), the equivalent constant stresses at failure were calculated for the 
long and short hoop specimens. These are shown in table 3.4. In figure 3.11 they are 
plotted together with the quadratic failure envelope from equation (3.13). The 
correlation is very much improved compared with figure 3.9, where no statistical 
effects were considered. For both cases the results are conservative, by 6% and 11 lJc 
for the short and long specimens, respectively. 
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FIG. 3.11 Equivalent stresses at failure corrected for volume effect 
Long specimen Short specimen 
Interlaminar tensile stress, () 3 (MPa) 74.9 58.4 
Interlaminar shear stress, 1 13 (MPa) 52.1 65.5 
TABLE 3.4 Equivalent uniform stresses calculated at failure loads 
3.7 Discussion 
Use of Weibull theory has shown that the higher apparent strength of the long hoop 
specimens under combined interlaminar tension and shear compared with previous 
specimens subject to tension only is explained in terms of the smaller volume of 
material under stress. In this case the prediction ignoring the statistical effects would 
be conservative because the stressed volume of the hoop specimens is smaller than 
for the specimens used to measure interlaminar strengths. However. in cases with 
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large stressed volumes, where small specImens were used to detennine allo\vable 
stresses, unconservative predictions would arise if the statistical effects were ignored. 
When the stressed volume is accounted for, it is apparent that there is an interaction 
between the two stress components. It can be seen in figure 3.11 that for the two sets 
of experimental data, both the interlaminar shear and tensile stresses are less than the 
values which would be expected to cause failure acting alone. Use of the quadratic 
equation seems to be a reasonable way of accounting for this interaction, gIVIng 
conservative predictions. 
The interaction occurs because the interlaminar tensile and shear stresses arise at the 
same location. However, the approach of considering failure due to each stress 
component separately would imply interaction even if the maximum values occurred 
at different locations, and so might be over conservative. Some judgement is 
therefore necessary as to what is the appropriate volume over which to do the 
calculations. Taking the total volume of the part where failure is being considered 
seems to be a reasonable approach, although in larger structures there may be several 
areas of high stress which need to be considered separately, rather than performing a 
single calculation. 
3.8 Conclusions 
Finite element analysis of croquet-hoop-shaped speCImens III three-point bending 
show that it is possible for specimens subject to combined interlaminar tension and 
shear to withstand higher stresses than when subject to interlaminar tension only. The 
reason for this is believed to be the size effect, which means that a high stress does 
not necessarily cause failure if the stressed volume is sufficiently small. When this 
effect is taken into account, it is seen that there is an interaction between interlaminar 
tension and shear, and a quadratic interaction equation gives a reasonable fit to the 
data. Experimental results for the two sets of hoop specimens were within 11 % of thl? 
failure envelope proposed, and were conservative in both cases. 
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The results confirm the importance of accounting for the size effect in determining 
acceptable interlaminar stress levels. The statistical approach presented provides a 
reasonable way of predicting through-thickness failure based on the interlaminar 
stress distributions and experimental data for tensile and shear strengths. This 
approach is recommended for curved laminates without geometric discontinuities. 
The following chapter describes an analytical method for predicting delamination in 
laminates with geometric discontinuities. 
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4.1 Introduction 
In the previous chapter we dealt with the problem of predicting through-thickness 
failure in curved laminates without ply discontinuities. In the rest of the thesis we 
will deal with predicting delamination initiating at ply terminations, starting with the 
problem of a straight laminate under a combination of axial loading and out -of-plane 
bending. 
Stress based criteria have been used to predict delamination initiating at dropped 
plies [12] but a fracture mechanics approach is more useful in these situations. This 
is because very high stress gradients exist near the ends of discontinuous blocks 
which means the predicted failure load will be highly dependent on mesh size. 
Average or point stress criteria [18,20] can be used but they involve certain 
characteristic lengths which do not have a very strong theoretical foundation. The 
stress intensity factor can be used to predict delamination [68] but most authors use 
the strain energy release rate approach along with results from finite element 
analysis. The latter method has been used to predict delamination in a beam in four 
point bending with discontinuous internal plies [69], in beams with cut central plies 
under axial loading [70], from the end of a stringer bonded to a composite skin in 
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four point bending [23], and in tapered laminates under axial loading [71-76]. Good 
correlation was generally found with experimental data and it was seen that 
delamination could also be predicted in these cases from analytical solutions for 
determining the strain energy release rate, G, for stable crack propagation. 
If closed form solutions exist for G, finite element analysis is not required and so 
time and energy can be saved. In [77] an analytical solution is derived for the strain 
energy release rate corresponding to a single delamination in a unidirectional beam in 
three-point bending. In [28] closed form solutions are derived for evaluating G for 
two delaminations in a beam in three-point bending and an end-notched flexure 
specimen. In [46] an equation was presented which gave the strain energy release rate 
due to edge delamination in terms of the loss of axial stiffness of the laminate. 
Davies and Robinson [56] derived a closed form solution for delamination in a flat 
circular plate under quasi-static impact loading. In [78] an analytical solution was 
used to obtain the strain energy release rates associated with delaminations spreading 
from a bimaterial notched four-point bending specimen. Excellent correlation was 
obtained with finite element analysis. Closed form solutions have also been derived 
for delamination propagation from transverse cracks in laminates under axial tension 
[51,79]. Lastly, Wisnom derived a closed form solution for cracks propagating 
between the continuous and discontinuous plies of a unidirectional beam under pure 
axial loading [72], and later for the case of pure bending [69]. 
In this chapter, an analytical solution for G is derived for cracks propagating between 
the continuous and discontinuous plies of a straight beam under both axial loading 
and out-of-plane bending. Such a solution has not been found in the current literature 
and it is a valuable tool in the preliminary design of tapered laminates. The equation 
is then used to show the effect of changing the ratio between bending and axial 
loading, changing the thickness of the block of discontinuous plies, and varying the 
position of the discontinuous block through the thickness. The solution assumes the 
discontinuous block, the continuous block above it, and the continuous block belo\\ 
it consist of three different materials. Therefore, the effect of having different 
cOlnbinations of +45° blocks and 0° blocks in the laminate can be assessed. Finally. a 
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conservative failure envelope for delamination based on the axial strain at the 









Cracks propagating away 

























Edge of discontinuous 
block of plies 
FIG. 4.1 Delamination in a symmetrical laminate under pure tension 
showing axial strain distributions ahead and behind crack tips 
4.2 Derivation of analytical solution for evaluating G 
Refer to figure 4.1 for a schematic diagram of a homogeneous laminate with a 
discontinuous block of plies at its mid-thickness. A constant tensile load is being 
applied and cracks are propagating above and below the discontinuous block. Some 
distance ahead of the crack tips axial stresses are transferred into the discontinuous 
block from the surrounding continuous material by way of interlaminar shear 
stresses. So the discontinuous block contributes to supporting the applied load. 
However, some distance behind the crack tips, the central block is not contiguous 
with the surrounding plies. Thus, ignoring friction, the surrounding plies cannot 
transfer axial stresses into the discontinuous block. So the central block is 
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unburdened by the applied load and the surrounding material has to carry higher 
loads to make up for it. Therefore, the axial strain in the continuous material is higher 
'-
behind the crack tips than ahead of them, and the axial strain in the discontinuous 
block is zero behind the crack tips, as seen in figure 4.1. The effect of the crack 
propagating by an increment, ~a, is to change the strain distribution in a volume of 
material, V, from the one in front of the crack tips to the one behind the crack tips, 
where, 
V = t.w.~a (4.1 ) 
and t and ware the thickness and width of the laminate, respectively. Note that the 
local stress field around the crack tip doesn't change and just moves with the crack. 
p 
tl2 





Edge of discontinuous 
block of plies 
FIG. 4.2 Delamination above and below a discontinuous block in a 
general laminate under a combination of bending and axial loading 
Figure 4.2 shows a more general laminate which is under a combination of a bending 
moment, M, and an axial force, P, both per unit width. As in the previous example, 
cracks are propagating away from the end of a discontinuous block of plies along the 
interfaces with the surrounding continuous material. M and P are assumed to remain 
constant and act about and along the mid-thickness of the laminate. The laminate 
could either be tapered or another block of plies could be butted against the edge of 
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the discontinuous block. In the former case there would be some additional 
interlaminar stresses near the end of discontinuous block due to the geometry of the 
taper, but the effect on G has been shown not to be significant [71]. The strain energy 
release rate was calculated from finite element analysis for constant thickness 
specimens with cut central plies and tapered specimens with dropped central plies 
under pure axial loading. The cut-ply specimens were similar to the dropped-ply 
specimens except they were not tapered. The strain energy release rates for cracks 
propagating between the continuous and discontinuous plies reached the same 
constant value after the crack had propagated a short distance. Thus, the geometry of 
the taper did not affect G after a short initial propagation. The constant value which 
both strain energy release rates reached was identical to the value from an analytical 
solution which neglected taper effects. Failure load predictions using this constant 
value agreed well with experimental results. Therefore, delamination in tapered 
laminates can be predicted using an analytical solution for G which ignores the 
geometry of the taper. The following is an account of the derivation of such an 
analytical solution for the situation seen in figure 4.2. 
When constant loads, M and P, are applied to the more general laminate, the effect of 
the crack length increasing by ~a would be to change the strain distribution in a 
volume of material, V, from the one seen in figure 4.3a to the one in figure 4.3b l . 
This assumes there is a uniform strain gradient across contiguous plies, and plane 
transverse sections of the laminate remain plane after bending. 
a). Before delamination b). After delamination 
FIG 4.3 Axial strain distribution through thickness of laminate 
.. " d b h tl I d t- tion of the surrounding material has I Note that the bending stram m the dlscontmuous block cause y t e exura e orrna . . 
. .. h' . G Id b alii' all cases where G IS high enough to cause been ignored. However. the relative contnbutlOn of t IS stram to wou e sm n ._ 
delamination. Hence, the practical value of the following derived solutions and failure envelopes IS not affected. 
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Let the distance from the bottom surface of the laminate be z, the axial strain at the 
bottom surface be £1 before crack propagation and £{ after crack propagation, and the 
axial strain at the top surface be £2 before crack propagation and £/ after crack 
propagation. The axial strains at z are therefore , 
, , (' ') / £ = £1 - Z. £1 - £2 t 






(d + tdrop) :::; z :::; t (4.3) 
d ::;; z :::; (d + tdrop) (4.4) 
where £ is the axial strain before crack propagation and £' is the axial strain after, d is 
the distance of the discontinuous block from the bottom surface and tdrop is the 
thickness of the discontinuous block. 
We shall assume the laminate is made up of three homogeneous blocks of material. 
Let the axial Young's moduli be EA in the block above the discontinuous material, EB 
in the discontinuous block, and Ec in the continuous block underneath. Let the three 
blocks have the same Poisson's ratio, v XY ' and coefficients of thermal expansion, ax 
and ay. The effect of these assumptions is discussed later. The axial stresses, cr, 




where S = z / t, a = tdrop / t, and ~ = d / t, and similarly, after crack propagation. 
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for (4.8) 
a' = 0 for (4.9) 
for (4.10) 




The "hogging" bending moment (per unit width) about the bottom surface, Mb, can 
similarly be evaluated from, 
1 
Mb = t 2 • f a·s·ds (4.12) 
o 
and the strain energy, U, in the volume of material defined in (4.1) is, 
1 
U =-t.V.f cr.£.dS (4.13) 
o 
The strain energy release rate, G, is defined as, 
(4.14 ) 
where 11 W, I1U and I1A are the changes in external work, strain energy and crack 
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G=~U / ~A (4.16) 
Finally, since the change in crack area due to cracks propagating above and below the 
discontinuous block, is 2.~a. w, the strain energy release rate is equal to: 
G = U after - U before 
2.~a.w 
(4.17) 
where Uafter is the strain energy after the crack has propagated and Ubefore is the strain 
energy before. We wish to have an expression for G in terms of P and M. Hence, if 







Equations (4.18) and (4.19) are simultaneous equations which can be solved to give 
C1 and (c1 - c2) in terms of P, Mb, a, ~, and the Young's moduli. By substituting (4.8) 
to (4.10) into (4.11) and (4.12), ct' and (c1' - c2') can similarly be found in terms of 
these variables. 
We now need to find expressions for Uafter and Ubefore in terms of p, Mb, a, ~. and the 
Young's moduli. When (4.1), (4.2) and (4.5) to (4.7) are substituted into (4.13), 
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Ubefore can be obtained in terms of £1 and £2, and hence, in terms of P, M b, a, p. and 
the Young's moduli. Similarly, when (4.1), (4.3), (4.4), and (4.8) to (4.10) are 
substituted into (4.13), Uafter can be found in terms of £1' and £2" and hence, in terms 
of P, Mb, a, p, and the Young's moduli. The following expression can then be used 
to give Uafter and Ubefore in terms of M instead of Mb: 
Mb = P.t/2 - M (4.23) 
Note that M is a "sagging" bending moment, as seen III figure 4.2. Finally, by 
substituting the expressions for Uafter and Ubefore into (4.17) we can obtain an 
expression for G in terms ofP, M, a, p, and the Young's moduli. 
After algebraic simplification the following equation was obtained: 
(4.24) 
where, 











Furthermore, if j = k = 1, i.e. the laminate is unidirectional, (4.24) simplifies to: 
G= 3M
2 [ (l-a) ] 
Ex t3 (l-a)4+12a~(l-a-~)-1 
3MP[ a(l-a-2~) ] 
+ Ext2 (l-a)4+12a~(l-a-~) 
p2 [ a(l-a3) ] 
+ 4Ext (l-a)4+12a~(l-a-~) (4.33) 
where Ex is the axial Young's modulus. When M = ° and the discontinuous block is 
located in the mid-thickness of the laminate, (4.33) reduces to the analytical solutions 
given in [72,79], and (4.24) simplifies to the one in [51] without thermal residual 
stresses. Similarly when P = 0, (4.33) reduces to the expression given in [69] for the 
strain energy release rate in a unidirectional beam under pure bending with cut 
central plies. 
The strain energy release rate from (4.24) for a non-symmetric laminate under a 
combination of bending and axial load was verified with finite element analysis using 
shell elements. The laminate was modelled as a flat plate consisting of three layers of 
material with different axial Young's moduli. The Young's modulus of the middle 
block was then assigned to zero to model a completely delaminated laminate. The 
strain energy release rate was found from the difference in strain energy between the 
original and delaminated models. The value of G was almost identical to the one 
frOlTI (4.24). 
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The expressions in (4.24) and (4.33) can also be used to calculate G for a laminate 
with a discontinuous block on the surface (~ + a = 1 or ~ = 0). However, since the 
change in crack surface area is half that of when the discontinuous block is 
embedded, the value of G from the analytical solution must be doubled. Finally, 
when more than one block of plies is dropped in a laminate without interleaving 
continuous plies, some engineering judgement is required. If the ends of the 
discontinuous blocks are close enough together they may interact and therefore 
should be counted as one single discontinuous block [80]. 
4.3 Influence of axial stiffness and ratio of bending to axial loading 
The analytical solution was used to examine the variation of G with the change in 
ratio between axial loading and bending moment for a number of different laminates. 
Several simple laminates were chosen solely for the purpose of studying the effect of 
having discontinuous plies with different Young's moduli to the surrounding 
material. The magnitude of the axial strain at the more highly strained surface of each 
laminate was kept at 1 % throughout the whole range of loading conditions. The lay-
ups were: 
E glass / 913 epoxy 
E glass / 913 epoxy 
E glass / 913 epoxy 
E glass / 913 epoxy 
XAS carbon / 913 epoxy 
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where the plies are given in order from the bottom of the laminate to the top, and the 
discontinuous plies are underlined. Note that the laminates are all 32 plies thick, and 
the positions and thicknesses of the discontinuous plies were kept constant. Each of 
the three "sublaminates" which made up the laminate were assumed to be 
homogeneous. The value of the axial Young's modulus, Ex, for each type of 
sublaminate is given in table 4.1, and the thickness of each ply was assumed to be 
0.125mm. The axial Young's modulus of the ±45° glass sublaminates was taken as 
the equivalent membrane elastic modulus found from laminated plate theory. Linear-
elastic material behaviour was assumed throughout the study. 
0 0 E Glass/ ±45° E Glass/ 00 XAS 
Carboni 
913 Epoxy 913 Epoxy 913 Epoxy 
Ex 43.9 GPa 13.9 GPa 138 GPa 
In-plane failure strain (tension) 2.78% 2% 1.66% 
In-plane failure strain (compression) -2.53% -2% -1.66% 
Gc (axial tension) 1.08 N/mm 1.08 N/mm 0.82 N/mm 
Gc (axial compression) 0.54N/mm 0.54N/mm 0.32 N/mm 
TABLE 4.1 Material properties of sublaminates 
In multidirectional laminates there can be additional stresses due to the Poisson's 
ratio mismatch, and thermal and moisture effects. Therefore, a check was carried out 
to see if the relatively different values of Poisson's ratio, vxy, in the 00 and ±45° glass 
sublaminates had a significant effect on the strain energy release rate. In practice, 
thermal residual stresses reduce with time due to creep and may also be reduced by 
moisture absorption. However, as a first approximation, the thermal residual stresses 
were taken into account based purely on the coefficients of thermal expansion, ax and 
a y, and the difference between the cure temperature and room temperature. 
Coefficients of thermal expansion vary throughout the temperature drop but for 
simplicity they were assumed to remain constant when calculating the stresses. 
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G was calculated for a (0°14 / -45° / 45°)s and ((45°/-45°h / 002)s laminate in pure 
tension, using the strains and stresses from laminated plate theory and the material 
properties in table 4.2. The values calculated from the analytical solution (which 
assumes constant values of vxy, ax and a y throughout the thickness) were both within 
20% of the values from laminated plate theory (which took these effects into 
account). The effect on predicted failure stress or strain would therefore be within 
10%. This is an extreme case due to the large differences in properties between 0° 
and +45° plies. In more practical lay-ups the effect would be much less, and the 
equation should be sufficiently accurate to be able to determine the general trends in 
G with respect to the different parameters studied in this chapter, and for use in initial 
design calculations. 
Fibre direction Young's modulus, E1 43.9 GPa 
Young's modulus transverse to fibres, E2 15.4 GPa 
Poisson's ratio, v 12 0.3 
Coefficient of thermal expansion in fibre direction, al 6.6 x 10-6 / °C 
Coefficient of thermal expansion transverse to fibres, a2 30 x 10-6 / °C 
Curing Temperature 125°C 
Laboratory Temperature 20°C 
TABLE 4.2 Material properties of E glass / 913 epoxy for laminated plate theory 
The following ratio was used to gauge the relative contributions of applied bending 
deformation and applied axial deformation: 
(4.34) 
where Ea is the axial strain, equal to (E1 + E2) / 2, and Eb is the bending strain, equal to 
(El - E2) /2. Thus, when R = 1 the laminate is under pure bending (and M is positive), 
when R = 0 the laminate is under pure axial deformation, and when R = -1 the 
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laminate is under pure bending (and M is negative). For each value of R there exist 
two loading conditions; one corresponding to axial tension, and one to axial 
compression. G was calculated for a range of values of R for each of the laminates. 
and the curves plotted on the graph given in figure 4.4. Note that only the curves 
corresponding to axial tension are given for clarity. The curves corresponding to axial 
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FIG. 4.4 Variation of G with respect to ratio between bending and axial deformation 
for various types of laminates with same number & position of discontinuous plies. 
(Magnitude of strain at more highly strained surface kept at 1 %) 
One can see that the shape of each curve is similar for every laminate. The strain 
energy release rate is higher under pure axial deformation than pure bending 
deformation. At the same time, the strain in the discontinuous block is higher under 
pure axial deformation compared to pure bending deformation. Similarly. G is very 
low under some combinations of bending and axial loading where the resultant strain 
in the discontinuous block is also very low. This means the strain at the mid-
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thickness of the discontinuous block, Cd, could be an important parameter for 
predicting G. 
Comparing the curves for each of the "homogeneous" laminates (unidirectional glass 
and carbon, and pure +45° glass) one can notice the increase in G with increase in 
stiffness. In fact, G is proportional to Ex according to the analytical solution, when 
the strain is kept constant. It can also be seen that the curves for the glass (0° 22 1 0°-+ 1 
0°6) and ((45°1-45°)111 0°4 1 (45°1-45°)3) laminates lie close together, as do the curves 
for the (0°22 1 (45° 1-45°h 1 0°6) and (( 45° I-45°) II 1 (45° 1-45°h 1 (45° 1-45°)3) 
laminates. G is therefore more dependent on the stiffness of the discontinuous block 
than of the surrounding material. The change in stiffness of the laminate depends 
entirely upon the stiffness of the discontinuous plies. The relationship implied by 
O'Brien's closed form solution for edge delamination [46] is that the strain energy 
release rate is proportional to the change in stiffness of the laminate due to 
delamination. Thus, the relationship between G and the change in stiffness for the 
case studied in this chapter is similar to the one corresponding to edge delamination. 
Finally, it is interesting to compare laminates with the same block of discontinuous 
plies. One will notice that a stiffer surrounding material results in lower values of G, 
even though higher values of M and P have to be applied to maintain the condition of 
1 % strain at the surface. The absolute change in stiffness of the laminate due to 
delamination is constant when the block of discontinuous plies remains the same. 
However the ratio between the stiffness before delamination, Kbefore, and the stiffness , 
after delamination, K after, is lower when the continuous plies are stiffer. Therefore, G 
is related to the ratio, Kbefore 1 K after. In [81] a range of different dropped-ply laminates 
were tested in axial compression. Failure was due to delamination. It was found that 
as the ratio of the stiffness of the thick section over the stiffness of the thin section 
increased, the strength of the laminates decreased. The stiffness of the thick section is 
equivalent to Kbefore and the stiffness of the thin section is equivalent to K after. Thus, 
assuming the strength of the laminate is inversely related to G, the results in [81] can 
be explained by the relationship given above. 
66 
Chapter 4 
Parametric Study on Delamination in Laminates ... 
The above observed patterns led to the idea of normalising the results by plotting G 1 
(tl.EB.t) against R for different ratios of Ex of the discontinuous plies over Ex of the 
surrounding material. In this case, the latter ratio is equal to j, i.e. EBIEA' since EA = 
Ec. Also note that, from (4.24) it can be deduced that G would be proportional to the 
thickness of the laminate, t, when the loading is expressed in terms of strain. Hence, 
at a particular value of j, the values of G 1 (EB.t), ta and tb were found for a wide 
range of values of M and P. The values of Rand td could then be found from ta and 
tb· Thus, the "normalised" strain energy release rate, G 1 (ti.EB.t), could be plotted 
against R. The graph is given in figure 4.5. As in figure 4.4, only the curves 
corresponding to axial tension are given since the curves for axial compression are 
identical except they are reflected across the R = 0 axis. The three curves correspond 
to j = 1, for all the "homogeneous" lay-ups, j = 0.318, for the (0°22 1 (45° 1-45°h 1 0°6) 
laminate, and j = 3.149, for the ((45°1-45°)11 1 0°4 1 (45°1-45°)3) laminate. 
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FIG. 4.5 Virtual independence of normalised G from loading conditions 
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An interesting conclusion can be drawn from the figure. One will notice that the 
variation of G is very low for a wide range of loading conditions when Cd, EB and t 
are kept constant. The value of G / (cl.EB.t) only deviates from the almost constant 
value when the applied axial force and bending moment induce strains at the 
discontinuous block of opposite signs and similar magnitudes. This results in values 
of Ca and Cb much higher than Cd. In practice, in-plane failure would occur before 
delamination in most composite laminates under such loading conditions due to the 
high strains at the surface. Thus, for a particular number and position of 
discontinuous plies, a practical value of G could be determined reasonably accurately 
for a general laminate just from the values of Cd, EB, t and j. 
The relatively low increase in strain energy release rate with increase in j can clearly 
be seen. Furthermore, at a particular value of R, the relationship between j and G / 
(cl.EB.t) was found to be linear. This can be explained by the relationship between G 
and (Kbefore / Kafter) mentioned above. IT, for simplicity, we consider a symmetrical 




and since j = EB / EA and EA = Ee, 
G oc [1 + j.aI(l - ex)] (4.37) 
which shows G is linearly related to j when both the applied strain and the change in 
stiffness remain constant. The change in stiffness is proportional to EB, so the value 
of G / (cl.EB.t) should be linearly related to j. 
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4.4 Influence of thickness and position of discontinuous block 
To investigate the effects of varying the number and position of discontinuous plies. 
G was evaluated for several unidirectional glass laminates. The total number of plies 
was kept constant but the number of discontinuous plies and their position in the 
thickness direction was varied. A graph of G against the ratio between bending and 
axial loading, R, can be seen in figure 4.6. As before, only the curves corresponding 
to axial tension are given, and the strain at the surface was kept at 1 %. 
:> 
Pure Bending (I ' I) Pure Bending CI I) Pure Axial 0< 







































... I \ 
- -.~ - - - , - \- -
/' \ 




(0° 21 / 0° 6 / OO~,) 
(0° 26 / 0° ~ / 0°2) 
(0° 22 / 0°4 / 0° 6) 
(0° 18/ 0°4 /0° 10) 








FIG. 4.6 Variation of G with respect to ratio between bending and axial loading for 
U-D glass laminates with various numbers & positions of discontinuous plies 
(Magnitude of strain at more highly strained surface kept at 1 %) 
The influence of the relative thickness of the discontinuous block can be seen by 
comparing the three curves corresponding to the (0°21 / 0°6 / 0°5), (0° 22 / 0°-+ / (J'6) 
and (OOn / 0°2 / 0°7) lay-ups. Note that the mid-thicknesses of the discontinuous 
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blocks all lie exactly Imm from the mid-thicknesses of the laminates. Thus the value 
of the axial strain at the mid-thickness of the discontinuous block, Cd, remains 
constant and there is no change in the effective position of the block. As would be 
expected, the thicker the block of discontinuous plies the higher the value of G. since 
the greater the change in stiffness. 
The effect of the position of the discontinuous block can be seen by comparing the 
curves corresponding to the (0° 18 / 0°4 / 0° 10), (0°22 / 0°4 / 0°6) and (0°26 / 0°4 / 0°2) 
lay-ups. If we first look at the pure bending cases (R = + 1) we will notice G is higher 
when the discontinuous block is closer to the surface. This is to be expected since the 
change in bending stiffness is greater when the discontinuous block is further from 
the centre. Also, for a constant value of strain at the surface the value of Cd will be 
higher when the block is closer to the surface, and as mentioned in the previous 
section, G is related to Cd. What is not so obvious is the increase in G with distance 
from the laminate mid-thickness when only axial strain is applied (R = 0). Although 
there is no bending before delamination, when the discontinuous block is not at the 
centre of the laminate there is some bending after delamination due to non-symmetry. 
So the change in bending stiffness is still important when R = 0, and higher values of 
G would be expected when the discontinuous plies are further from the mid-thickness 
of the laminate. However, this effect is much lower under pure axial loading, so the 
variation in G is higher for R = + 1 compared to R = O. 
As an attempt to show all the above trends, a graph of the normalised strain energy 
release rate, G / (ci.EB.t), against the non-dimensional thickness of the discontinuous 
block, (x, was plotted. This was done for three values of j (the ratio between the 
Young's modulus of the discontinuous block over that of the continuous material 
above). Furthermore, for each value of j there are three positions of the discontinuous 
block, described by ~, the non-dimensional distance of the discontinuous block from 
the bottom surface. This was done for the pure axial loading case (M = 0), and the 
graph is given in figure 4.7. As can be seen from figure 4.5, the value of normalised 
G is very similar for almost any value of R and so the plot in figure 4.7 would be 
virtually identical for pure bending, and most combinations of bending and axial 
loading. From figure 4.7 one should therefore be able to get a reasonable 
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approximation of the strain energy release rate for any laminate based on the value of 
the axial strain at the mid-thickness of the discontinuous block, Ed. Note that only 
values of ~ greater or equal to 0.5 have been shown since the value of G / (Ei.EB.t) 
for ~ = n (where 0 < n < 1) is equal to the value corresponding to ~ = (1 - u - n) with 
the opposite sign of M. It can be seen that the higher the values of j, u and ~, the 
higher the value of G / (E/.EB.t). Furthermore, the effect of ~ becomes more 
pronounced at higher values of j and u. For a ~ 0.05 and for j :::; 0.2 the effect of ~ is 
negligible. The effect of j also becomes more pronounced at higher values of u. It 
was found that for a > 0.25 the independence of normalised G with respect to the 
ratio between bending and axial loading, R, started to break down as well. However, 
it is very uncommon to have a single block of dropped plies of thickness greater than 
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FIG. 4.7 Master plots for strain energy release rate 
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4.5 Failure envelope based on allowable values of strain at the 
discontinuous block 
The results of the parametric study paved the way for developing a simple and 
conservative method for predicting delamination. For a laminate of a given material 
(or combination of materials) one should be able to obtain the safe limits of the axial 
strain at the discontinuous block, Cd, for any thickness and position of the 
discontinuous block from a single graph. Furthermore, certain simple design rules 
could be obtained, such as the maximum number of plies that can be dropped 
together for no delamination to occur under any loading condition. This would enable 
a design engineer to ensure delamination will not take place in a composite structure 
without the need for detailed finite element analysis, fracture mechanics calculations 
or extensive testing. Note that in this study we are only concerned with delamination 
above and below a discontinuous block of plies. Delamination can also propagate 
into the thin section of a tapered laminate if the geometric discontinuity is too severe, 
but this can generally be avoided by keeping the taper angle low. In previous tests no 
thin section delamination was observed with angles up to 12° [74]. 
As an initial example, a failure envelope was constructed for unidirectional E glass / 
913 epoxy laminates. The assumed values of in-plane failure strain and the critical 
strain energy release rate, Gc are given in table 4.1. Note that there are two values of 
the critical strain energy release rate. They were calculated from tests done on 
straight unidirectional laminates with two cut central plies and eight surrounding 
continuous plies [70]. The value of Gc for axial tension was calculated from the axial 
tensile load at which delamination occurred between the cut plies and the continuous 
plies. This corresponds to pure mode II delamination. Similarly, the value of Gc for 
axial compression comes from the axial compression load at which delamination 
occurred. In this case, as well as mode II, there is also mode I due to the through-
thickness tensile stresses near the crack tips. The value of the mixed mode Gc 
corresponding to compression is therefore lower. In practice this value may vary due 
to differences in the mode ratio but the value chosen is considered to be reasonably 
representative. It should also be noted that if the discontinuous plies are on the 
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surface, the situation is reversed, and axial tensile loading will produce mixed mode 
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1 
Values of the axial strain at the mid-thickness of the discontinuous block at 
delamination were calculated for a (0°22 / 0°4 / 0°6) laminate at a range of loading 
conditions. The loading conditions were calculated to produce G = Gc (compression) 
when the value of Cd was negative, and G = Gc (tension) when Cd was positive. At the 
same time, the axial strains throughout the laminate were checked to see if in-plane 
failure would occur. The results can be seen in the graph of Cd against R, in figure 
4.8. The solid lines signify in-plane failure would occur under the loading conditions. 
The main observation one can make from the graph is that the value of Cd at which 
delamination takes place is virtually independent of the ratio of bending to axial 
loading. Whenever the curves deviate from the virtually constant value, in-plane 
failure would occur before delamination. Notice also that the magnitude of the 
negative axial strain at delamination is lower than the corresponding positive (tensile) 
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value. This is because the Gc value for compression is lower. There are sometimes 
two values of td at delamination of the same sign corresponding to the same value of 
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FIG. 4.9 Failure envelope for 32-ply unidirectional glass laminates 
To construct a failure envelope we need to obtain the values of Ed at delamination 
failure from the graph. We ignore the solid regions of the curves as these correspond 
to in-plane failure. The dashed portions of the curves are almost horizontal but the 
values of Ed do vary by a very small amount. Therefore, to get conservative limits of 
Ed for delamination, the lowest positive value and the highest negative value of Ed 
were used. The same technique was used to obtain conservative limits of Ed for 
delamination for unidirectional laminates with various numbers and positions of 
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discontinuous plies. The difference between the maximum and minimum values of Ed 
(of the same sign), not including-in-plane failure cases, was always less than 5%, 
except when the discontinuous block was 8 plies thick. And even in this extreme case 
the difference was always less than 15%. In other words, it was still reasonably 
accurate to use conservative values of Ed, and ignore the ratio between M and P. The 
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FIG. 4.10 Failure envelope for 32-ply (0° x / ±45° x/ 0° x) glass laminates 
One can clearly see that the safe limits of Ed reduce as the number of plies in the 
discontinuous block increases. The limits also reduce when the discontinuous block 
is situated closer to the surface. However, the effect is quite small when less than six 
plies are discontinued. For convenience the line connecting the data points 
corresponding to the block one ply from surface could be used as a conservatiyc 
75 
Chapter 4 Parametric Study on Delamination in Laminates ... 
failure envelope for any position of discontinuous block. One may also notice that 
when there is only one discontinuous ply in axial tension there is only one data point. 
This is because in-plane failure always occurred before delamination when the block 
was in any position except one ply from the surface. 
Similar graphs, seen in figures 4.10 to 4.13, were constructed for (0° x / +45° x/ 0° x), 
(+45° x / 0\ / +45° x), and pure +45° glass laminates, and unidirectional XAS carbon / 
913 epoxy laminates. Again, the material properties are given in table 4.1. Axial in-
plane strain limits of +2% were assumed for +45° glass. These values were not 
intended to represent the failure strains but merely practical safe limits of the 
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To check if it was still valid to ignore the ratio between M and P, the difference 
between the maximum and minimum values of Cd for failure due to delamination was 
found for a number of carbon and multidirectional glass laminates. The difference 
was always less than 50/0, except when 8 plies were discontinued. For this extreme 
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U · f· 4 9 to 4 13 estimates of the safe limits of Cd can be found for similar sIng 19ures. ., 
laminates of any thickness, since G is proportional to t, and therefore Cd at 
delamination is related to (1 / ~t). However, note that Cd for delamination is not 
I t·onal to (1 / ~t) since it also depends on the in-plane failure strains. exact y propor I 
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which are not proportional to t. Therefore, the following conversion factor is only a 
first estimate: 
Cd' = cd.--.J(t / t') (4.38) 
where Cd is the value given by a failure envelope corresponding to a 32-ply specimen, 
t = 4mm, and cd' is the safe limit of strain corresponding to a laminate of thickness t' 
(in mm). When converting safe limits of Cd for laminates of other thicknesses the 
non-dimensional thickness and position of the discontinuous block, ex and p, should 
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Design rules from failure envelopes 
Comparing figure 4.9 with figure 4.11, and figure 4.10 with figure 4.12, one will be 
able to see that the failure envelopes are similar when the type of discontinuous block 
is the same. Comparing figures 4.9, 4.12 and 4.13, one can see that the stiffer the 
discontinuous block, the lower the safe limits of Cd. The lower the value of the axial 
Young's modulus, Ex, of the discontinuous block, the more likely in-plane failure 
will be the critical failure mode. Thus, for example, it is generally safer to drop +45 0 
plies than 0° plies. It is also safer to drop plies as close to the neutral axis as possible 
but remaining on the side generally under axial tension. The effect of the position of 
the discontinuous block is more pronounced when the surrounding material is less 
stiff. If an axial design strain is specified, the number of plies that can be 
discontinued at the same time can be established. For example, for E glass / 913 
epoxy, assuming design strains of ± 1 %, two 0° plies or three pairs of ±45° plies can 
be safely dropped off internally without risk of delamination. 
4.6 Conclusions 
A closed form solution based on linear-elastic fracture mechanics was derived for 
calculating the strain energy release rate of delaminations propagating along the 
interfaces of continuous and discontinuous plies in a composite laminate. The 
laminate was assumed to consist of three different homogeneous sublaminates and to 
be under a combination of out-of-plane bending and axial loading. 
A parametric study using the analytical solution led to several main observations. 
Firstly, the strain energy release rate, G, for delaminations above and below a 
discontinuous, or dropped, block of plies is strongly related to the axial stiffness and 
strain of the discontinuous block. The position of the discontinuous block through the 
thickness has a smaller effect on G when the strain at the mid-thickness of the 
discontinuous block, Cd, is held constant. For practical purposes, the effect of the ratio 
between bending and axial loading has negligible effect on G when Cd is held 
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constant. This means that the strain energy release rate can be found quite accurately 
from a single graph, such as the one in figure 4.7, for any laminate, with any 
discontinuous block, under virtually any loading conditions. The required parameters 
are the values of Cd, ratio of Young's modulus of the discontinuous block to the 
surrounding continuous material, thickness of laminate, and Young's modulus, 
position and thickness of the discontinuous block. 
Using the analytical solution, failure envelopes for delamination were plotted for 
various types of laminates based on the strain at the discontinuous block, rather than 
the applied moment or axial load. The failure envelopes clearly show that the 
allowable strain at the discontinuous block reduces substantially when the thickness 
and stiffness of the block increases. The allowable strain is also lower when the 
discontinuous block is situated closer to the surface, especially if it is under axial 
compressIon. 
This approach can be used to construct delamination failure envelopes for any 
material or lay-up. Simple design rules can then be obtained for a specified in-plane 
design strain. 
However, if the laminate is under a significant through-thickness shear loading 
another route must be taken, as the closed form solution does not account for this. 
The best option in this case would be to calculate the strain energy release rate using 
the finite element method. 
The next chapter will deal with a straight laminate in bending with shear loading. The 
virtual crack closure technique via the finite element method will be used to 
determine the mode I and mode IT components of strain energy release rate so that a 
mixed-mode failure criterion can be employed. 
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5.1 Introduction 
In this chapter the strain energy release rate due to delamination from discontinuous 
plies in a laminate under three-point bending is calculated using the finite element 
method. It is found that the strain energy release rate by itself is not adequate for 
predicting the failure load, although the predicted locations of the delaminations 
match the test results. Account is, therefore, taken of the yielding which occurs in the 
resin before crack propagation and a mixed-mode failure criterion is employed. The 
results of this improved approach compare very well with the experimental data. 
Fracture mechanics is a powerful tool for predicting delamination growth in 
composites. As we saw in chapter 2, the strain energy release rate, G, is often 
calculated from finite element analysis via the virtual crack closure technique. This 
procedure has been performed to investigate delamination from the ends of 
discontinuous plies [69,82]. In [69] the laminates were in four-point bending and in 
[82] pure axial tension was applied. In [23] a stress based criterion \vas used to 
predict the initiation and location of damage in a composite specimen in pure 
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bending. Fracture mechanics was then used to predict the growth of delamination 
from the initial damage. Amrutharaj et al [83] developed an approach which 
modelled the initiation of a fracture process zone with a stress-based criterion. and 
then used fracture mechanics to predict the propagation of the crack. Thus it was not 
necessary to ambiguously assume an initial defect. It was used to predict free-edge 
delamination in laminates. There was good correlation with experimental data, 
although the value of the yield stress was obtained by curve-fitting the data. A similar 
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FIG. 5.1 Schematic diagram of specimen with cut plies in three-point bending 
In [84] an account is given of the testing of straight unidirectional laminates in three-
point bending, shown schematically in figure 5.1. The laminates consisted of 32 plies 
of E glass / 913 epoxy and were nominally 10mm wide. Four of the plies near the 
tension surface were cut across the complete width. The bending moment caused 
local interlaminar stresses to arise around the cut similar to those induced at ply-
drops. The shear force caused overall interlaminar shear stresses to arise in the 
section of the specimen between the loading rollers. The combination of these two 
stress distributions caused cracks to initiate at the cut and propagate along the 
interfaces of the continuous and cut plies, as seen in figure 5.1. Thus, specimen 
failure was due to delamination at the top left and bottom right of the cut. The ratio 
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between the overall and local stresses was varied by changing the axial distance, d. 
between the cut and the central loading roller. The test results indicated a strong 
interaction between the two types of stress distributions. It was thought that this 
might be because the overall interlaminar shear stresses enlarged the zones of 
yielding in the resin rich layers between plies where the delaminations initiated. 
When yielding occurs in the resin, the plies on either side are able to move relative to 
each other. Hence, strain energy can be released even when no physical crack is 
present. Thus, the larger the yield zone, the longer the effective crack length [85]. 
This is similar to Irwin's approach where the crack length is assumed to equal its 
physical length plus the length of the yield zone ahead of the crack tip. The yield 
zone length is estimated assuming linear-elastic material behaviour. His approach 
was developed for predicting crack propagation in metal plates with an initial crack. 
In this chapter it is adapted for predicting delamination in composite laminates with 
no initial delamination. 
The specimens described above are analysed. Two positions of the cut, d = 5mm and 
d = I5mm, are studied. A finite element model is created and the strain energy 
release rates of various positions and combinations of cracks is evaluated. From the 
curves of G with respect to crack length, the locations of the cracks are predicted. 
The failure load is then predicted both with and without taking the yield zones into 
account. Both predictions are then compared to the experimental results. 
5.2 Finite element model 
A two-dimensional finite element model was created usmg CPS4 elements in 
ABAQUS [59]. These are four-noded plane-stress elements. A plot of the mesh can 
be seen in figure 5.2, together with the boundary conditions corresponding to d = 
5mm. For d = I5mm the same model was used but the boundary conditions were 
moved left along the mesh by 10mm. Hence, the central loading point was slightly to 
the right of the centre of the model when d = 5mm, and slightly to the left when d = 
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ISmm. This is exactly what was done during the tests. Since there were stress 
singularities present at the top and bottom of the cut a fine mesh was created around 
these two points. The mesh at the cut can be seen more clearly in figure 5.3. The cut 
is shown by the bold vertical line and four possible delamination paths are indicated 
with dashed horizontal lines. At the cut the elements are one ply thick and about 
0.031mm long, and the length gradually increases moving away from the cut. There 
are dual coincident nodes along the possible crack interfaces and ends of the block of 
cut plies. During the testing of the specimens [84], the resin between the ends of the 
cut plies was seen to crack well before delamination occurred. Thus, the nodes on 
either side of the cut are not held together. Each pair of nodes along the crack 
interfaces is initially held together by one stiff spring acting in the horizontal 
direction and another acting in the vertical direction. This is to enable the virtual 
crack closure technique to be used. There are also gap elements along the interfaces 
to stop the two surfaces from crossing once the springs are removed. 
p 
Fine mesh around cut 
FIG. 5.2 Finite element model with boundary conditions corresponding to d = Smm 
A downward vertical concentrated load per unit width, P, is applied to the node at the 
point of contact of the central roller. The node at the point of contact of the left -hand 
roller is constrained to have zero x and z translation. The node at the point of contact 
of the roller on the right is constrained to have zero z translation. P is equal to the 
average experimental failure load per unit width. The value of P is 432.4 N/mm for d 
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Note that the specimens were loaded under displacement control during the tests. 
However, the change in stiffness of the model for the crack lengths involved in this 
study was of the order of only 1 %. Hence, the fact that the model was under load 
control made negligible difference to the following derived strain energy release rate 
curves and predicted failure loads. 
Refer to table 5.1 for the material properties and dimensions of the model. The 
nominal value of the specimen thickness was initially assumed in the finite element 
analysis. From the corresponding results, the crack locations were determined. For 
the failure load predictions, it was deemed more accurate to use the average 
measured thickness of the specimens and to correct the axial Young's modulus for 
the lower fibre volume fraction. However, the change in the values of G were small 
enough not to affect the predicted crack locations. 
Axial Young's Modulus, Ex, for Nominal Thickness 43.90Pa 
Axial Young's Modulus, Ex, for Measured Thickness 41.20Pa 
Through-Thickness Young's Modulus, Ez 15.4 OPa 
Shear Modulus, Oxz 4.340Pa 
Poisson's Ratio, Vxz 0.3 
Length of Specimen 80mm 
Nominal Thickness 4mm 
Measured Thickness 4.33mm 
Width 10mm 
Distance between Outer Rollers 40mm 
TABLE 5.1 Material properties and dimensions 
5.3 Determination of crack locations by total energy approach 
The total strain energy release rate, GT, was firstly found for individual cracks at each 
of the four possible crack locations seen in figure 5.3. GT was then found for cracks 
propagating simultaneously along all four crack paths, and finally for cracks 
propagating simultaneously along the top left and bottom right interfaces. 
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GT was calculated from the change in total strain energy in the model as the crack 
was allowed to propagate by gradually removing the horizontal and vertical springs 
along the interfaces. This was done at each increment of crack length, a. The 
schematic definition of a is given in figure 5.1. 
Graphs of GT against a were plotted for all the cases and are given together in figure 
S.4 for d = lSmm, and figure S.S for d = Smm. It can be seen that in every case the 
value of GT decreases with crack length until it reaches a minimum value, G
min . After 
this, the value of GT generally grows with crack length. This means, as the load is 
increased, the cracks will propagate in a stable manner up to a short crack length 
(corresponding to the minimum value of Gmin) and then crack propagation will be 
unstable. This behaviour was observed in the tests in [84]. Therefore, catastrophic 
failure occurs when Gmin reaches the critical value, Gc. 
Since catastrophic failure depends on the value of Gmin, the locations of the 
delaminations at failure can be determined by comparing the values of Gmin 
corresponding to the different cases studied. The values of Gmin are given in table S.2. 
Referring to the table, it is clear that for d = ISmm the most likely type of failure is 
by delaminations propagating simultaneously from the top left and bottom right of 
the cut, since the value of Gmin is the highest for this situation. For the d = Smm case, 
Gmin is highest when a crack propagates from the bottom right corner only. However, 
cracks from both the bottom right and top left of the cut were observed in the tests. 
Although cracking is primarily mode II due to the type of loading, a small amount of 
mode I is generally present. Furthermore, the difference between the values of Gll1in 
for cracking at the bottom right only, and simultaneous cracking at the bottom right 
and top left is not very great. Thus, the fact that cracking occurred simultaneously at 
the bottom right and top left, even when the value of GT was lower in the d = Smm 
case, can be explained by more mode I being present. It was therefore concluded that 
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FIG. 5.5 Strain energy release rate with respect to crack length for 
different positions and combinations of cracks (cut 5mm from central roller) 
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d = ISmm d-Smm 
Crack at Top Left Only 0.34 N/mm 0.67 N/mm 
Crack at Top Right Only O.OON/mm O.OON/mm 
Crack at Bottom Right Only 0.39N/mm 1.03 N/mm 
Crack at Bottom Left Only O.OON/mm O.OON/mm 
Cracks at All Locations 0.23 N/mm 0.63 N/mm 
Cracks at Bottom Right & Top Left 0.45 N/mm 0.93 N/mm 
TABLE 5.2 Minimum values of GT for various cracks (from figures 5.4 and 5.5) 
5.4 Failure load predictions using standard mixed mode approach 
Cracks were assumed to propagate simultaneously (and at the same rate) along the 
top left and bottom right interfaces, for both cut positions. The following mixed-
mode criterion was used to predict the failure loads: 
(5.1 ) 
where GI and GIl are the mode I and mode II components of the strain energy release 
rate, respectively, and GIc and GIIc are their critical values. For E glass I 913 epoxy, 
the values of the latter obtained from double cantilever beam and end notched flexure 
tests are GIc = 0.25 N/mm and GIIc = 1.08 N/mm, [86]. 
G
I 
and GIl, were found with respect to the crack length, a, using the virtual crack 
closure technique. This assumes the strain energy released when a crack propagates is 
equal to the energy required to close the crack. GI was calculated from the spring 
forces and relative nodal displacements in the vertical (z) direction, and GIl was 
calculated from the spring forces and relative nodal displacements in the horizontal 
(x) direction. G, and GIl were then each normalised by their corresponding critical 
values. 
89 





























------- OJ/Ole + On/One /. 
- - - I -




- - - - - - - - - -
o +-------------~------------~------------~----------~ 
o 0.5 1 1.5 
Crack Length (mm) 
FIG. 5.6 Normalised strain energy release rate at 





























------- OJ/Ole + On/One 
- - - - - - - - 1- - - - - - - - - - , - - -
0.5 1 1.5 
Crack Length (mm) 
FIG. 5.7 Normalised strain energy release rate at 




Improved Fracture Mechanics Approach for ... 
The graphs of normalised G against a for the two cut positions (d = ISmm and d = 
Smm) can be seen in figures S.6 and 5.7. One can see the sum of the normalised 
strain energy release rates, (Gr/GIc + Grr/Grrc), decreases to a minimum value as the 
cracks start propagating. Then, after a crack length between 0.2mm to 0.3mm, the 
value starts to increase again. As explained in the previous section, this means the 
load at catastrophic failure is governed by the minimum value of (Gr/GIc + Grr/Guc). 
At the average experimental failure loads, the minimum values of (Gr/GIc + Grr/Gllc ) 
are 0.61 for the d = ISmm case, and 0.83 for the d = Smm case. Thus, according to 
(S.l), both the predicted failure loads are higher than the experimental failure loads. 
The strain energy release rate is proportional to the square of the applied load, so the 
predicted failure loads per unit width are SS3 N/mm for d = ISmm, and 312 N/mm 
for d = Smm. 
5.5 Improved failure load predictions 
The axial distance from the cut to which the zones of yielding material extended was 
estimated from the finite element analysis. This was done at the top left and bottom 
right of the cut. The resin along the interfaces of the cut and continuous plies was 
assumed to yield when the interlaminar shear stress exceeded 70 MPa. This value 
was estimated from the measured in-plane shear stress-strain response of glass I 
epoxy +45 0 specimens in tension [87], and assuming transverse isotropy. The yield 
zone length at the top left was averaged with the length at the bottom right. This was 
the effective initial crack length. 
The corresponding value of (Gr/GIc + Gn/Gnc) was found by interpolation. If the value 
of (Gr/GIc + Gn/Gnc) was less than one at the effective initial crack length. it meant 
the predicted failure load was higher than the experimental failure load, and vice 
versa. If this was the case, the value of (Gr/GIc + Gn/GIIc ) and the yield zone lengths 
were recalculated at higher (or lower) values of P. 
91 
Chapter 5 
Improved Fracture Mechanics Approach for ... 
No further finite element calculations were necessary since the shear stress was 
proportional to P, and the value of (Gr/GIc + Grr/GIIc) was proportional to p2. After a 
small number of iterations, the predicted failure load converged. The value of (GlGIc 
+ Grr/Grrc) versus the crack length and the shear stress distributions normalised by the 
yield stress are all plotted on the same graph in figure S.8, for the d = Smm case. 
Referring to the graph, it can be seen that at the predicted failure load the average 
yield zone length is equal to the crack length at which equation (S.l) is satisfied. The 
predicted failure loads for d = Smm and d = lSmm are given in table S.3, alongside 
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1.5 
The values of the yield zone lengths in the d = Smm case were 0.70 mm at the top 
left and 0.48 mm at the bottom right of the cut. The values for d = lSmm were 1.57 
mm at the top left and 0.38 mm at the bottom right. Although there was a big 
difference between the latter values, averaging them together was considered to be 
the best solution for the purposes of keeping the approach manageable. 
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Note that both the strain energy release rate and the yield zone lengths were 
calculated assuming linear-elastic material properties. The estimated yield zone 
lengths would be longer if non-linear stress-strain behaviour was taken into account. 
However, the strain energy release rate would be lower since yielding limits the 
stresses at the crack tip. Thus, to some degree these two effects cancel each other out. 
Also, to accurately predict the yield zone length and corresponding strain energy 
release rate, the resin along the interfaces would have to be modelled using non-
linear material properties. This would require much more computational time, and for 
the purpose of engineering design, the approach used above is thought to be 
reasonable. 
d= 15mm d=5mm 
Experimental Average 432.4 N/mm 284.0 N/mm 
Prediction (Standard Mixed-Mode) 553 N/mm 312 N/mm 
Prediction (Including Yield Zones) 444 N/mm 280N/mm 
TABLE 5.3 Failure loads (per unit width) 
5.6 Discussion 
Referring to figures 5.4 and 5.5, it is interesting to note that the strain energy release 
rates corresponding to crack propagation at the top right and bottom left interfaces 
are generally much lower than the ones corresponding to the top left and bottom right 
interfaces. This is what would be expected since the overall interlaminar shear stress 
is of the same sign as the local shear stress at the top left and bottom right of the cut, 
and of opposing signs at the other two locations. Hence, the interlaminar shear stress 
is greater in the former locations. 
It is also interesting to consider the unusually high mode I component of strain 
energy release rate in the first O.2mm of crack growth, as shown in figures 5.6 and 
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5.7. When the stresses around the cut from finite element analysis were examined, it 
was found that the high G1 was due to large through-thickness tensile stresses 
existing locally near the corners of the cut. 
The analysis showed that when no account is taken of yielding, linear-elastic fracture 
mechanics is not able to accurately predict delamination in laminates with significant 
overall interlaminar shear stresses. Referring to table 5.3, it can be seen that the 
failure loads predicted without accounting for yielding at the onset of delamination 
are both very unconservative. The prediction for the d = 15mm case is 28% higher 
than the experimental value, and the prediction for the d = 5mm case is 10% higher. 
The prediction corresponding to the d = 15mm case is worse because the ratio 
between the shear force and the bending moment is higher when the cut is further 
from the central roller. Hence, the relative importance of the overall interlaminar 
shear stress is greater, and the yield zones are generally longer when d = 15mm. 
When the improved approach is applied to the two cases, the predictions are within 
3% of the experimental results. Therefore, the improved approach was able to 
accurately predict the failure loads of laminates with two different levels of yielding. 
Previously it was found that a linear interaction equation between the effects of 
overall interlaminar shear stresses and local stresses at the cut gave a good prediction 
of failure [84]. The results presented here explain the interaction in terms of the 
increased effective crack length as the overall interlaminar shear stresses become 
high compared with the yield stress. 
5.7 Conclusions 
A composite specimen containing cut plies under three-point bending was analysed. 
The ratio between the bending moment and the shear force at the cut was varied by 
changing the position of the cut relative to the applied loads. The strain energy 
release rate was calculated for delaminations spreading from the cut using finite 
element analysis. A mixed-mode failure criterion, based on the strain energy release 
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rate, grossly overestimated the failure loads for both cut positions. An improved 
approach, also based on the mixed-mode failure criterion but which took account of 
yielding in the resin at the onset of delamination, was able to predict the failure loads 
to within 3% of the experimental values. This shows the importance of considering 
the yielding that occurs before crack formation when predicting delamination in 
laminates under high overall interlaminar shear stresses. 
In the next chapter we will extend the application of this approach to curved 
laminates with discontinuous plies, where there are significant overall through-
thickness tensile stress distributions. 
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6.1 Introduction 
In the previous chapter we saw that a fracture mechanics based approach which took 
account of the resin yielding prior to crack propagation was able to accurately predict 
the delamination failure loads of straight laminates in three-point bending. Failure 
was due to a combination of local interlaminar stresses around the discontinuous 
block of plies, and overall interlaminar shear stresses caused by the out-of-plane 
shear load. 
In this chapter, we will apply the same approach to a slightly different scenario. 
Delamination will be predicted in curved laminates under pure bending. In this case 
failure is due to a combination of local interlaminar stresses around the discontinuous 
block of plies, and overall through-thickness tensile stresses induced by the curvature 
and bending moment. 
In [88] an account is given of the testing of curved unidirectional laminates in four-
point bending, shown schematically in figure 6.1. The laminates consisted of 32 plies 
of E glass / 913 epoxy and were nominally 10mm wide. Four of the plies near the 
tension surface were cut across the complete width, as on the straight specimens. 
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Again, the local stress distribution induced by the cut is very similar to that which 
would arise at a ply drop. The ratio of the local and overall stress distributions was 
varied by making two sets of specimens with different through-thickness locations of 
the cut. The cut plies in one set of specimens were located very close to the tension 
surface, with only two continuous plies separating them from the surface. The cut 
plies in the other set of specimens were located closer to the mid-thickness, separated 
from the tension surface by six continuous plies. 
All of the specimens failed catastrophically with no prior stable delamination visible. 
The locations of the delaminations can be seen in figure 6.2. Delaminations 
propagated on both sides of the cut along the interface further from the surface, and 
on either one or both sides of the cut along the interface near the surface. The 
bending strains of the curved specimens were recorded during the tests from strain 
gauges attached to both surfaces of the curved section, and hence the bending 
moments were calculated [88]. 
These specimens are analysed in this chapter and the failure loads are predicted. A 




Radius = 8mm 
60mm 
120mm 
22 (or 26) Continuous Plies 
4 Cut Plies 
6 (or 2) Continuous Plies 
~; 
FIG. 6.1 Schematic diagram of curved specimen in four-point bending 
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Top Interface 
Only on some 
specimens 
FIG. 6.2 Locations of delaminations observed in tests 
6.2 Finite element models 
As with the previous specimens, two-dimensional finite element models were created 
with CPS4 elements in ABAQUS [59]. To reduce the processing time, only ninety 
degrees of the curved section of the specimens were modelled. There were dual 
coincident nodes along the crack interfaces and ends of the block of cut plies. Each 
pair of nodes along the crack interfaces was initially held together by one stiff spring 
acting in the circumferential direction and another acting in the radial direction. 
Similarly to the straight specimens, the resin between the ends of the cut plies was 
seen to crack well before delamination occurred [88], thus the nodes on either side of 
the cut were not held together. 
The mesh of the curved specimen with the cut further from the surface can be seen in 
figure 6.3, along with the boundary conditions. The mesh corresponds to the model 
under load with all the spring elements removed so that the cut and crack locations 
can be seen more clearly. The elements around the cut are roughly O.06mm square. 
The mesh of the specimen with the cut closer to the surface is very similar to the one 
in figure 6.3. 
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Nodes along edge 
constrained to remain 
in straight line 
Equal and opposite 
concentrated forces 
at corner nodes 
Spring elements used to hold 
crack surfaces together 
Element size around cut 
about O.06mm square 
All other nodes 
on edge allowed 
to slide in radial 
direction 
Corner node fully 
fixed in space 
FIG. 6.3 Deformed finite element model of curved specimen with cut further from surface 
Chapter 6 Improved Approach Applied to Curved ... 
The measured thickness of each specimen varied slightly. This was probably due to 
different amounts of resin bleed during the curing process. The average measured 
thicknesses of each type of specimen was therefore used for each model. This was 
4.06mm for the specimens with the cut nearer the surface, and 4.15mm for the other 
set of specimens. The nominal material properties given in table 3.3 were used, 
except that the value of the axial Young's modulus was corrected for fibre volume 
fraction. This made no difference to the specimens with the cut closer to the surface, 
but the modulus for the other set of specimens reduced to 42.99 GPa. 
The average experimental bending moment per unit width at failure for the 
specimens with the cut nearer the surface was 1357 Nmmlmm, and for the other set 
of specimens it was 1802 Nmmlmm [88]. These bending moments were applied to 
the respective models and the finite element analyses were performed assuming small 
deformations. The analyses were divided into many steps so that spring elements 
could be gradually removed in each step to simulate crack propagation. 
6.3 Estimation of yield zone lengths 
The first step in predicting the failure loads of the specimens was to estimate the 
lengths of the zones of yielding material from the finite element analysis. Only the 
interlaminar shear stress was considered when predicting yielding in the straight 
specimens. However, since there are significant through-thickness tensile stresses in 
the curved specimens, it was decided to use an interactive yield criterion. As 
mentioned in chapter 2, Raghava's yield criterion (2.6) has been seen to work well 
for polymers [13,14], and was therefore chosen to predict the size of the yield zones. 
For plane stress (2.6) reduces to: 
(6.1 ) 
where a/ and aye are the absolute values of the yield stress in tension and 
compression, respectively, and aI and an are the principal stresses. The principal 
100 
Chapter 6 
Improved Approach Applied to Curved ... 
stresses should correspond to those in the resin rich layers between plies, \\here the 
cracks are assumed to propagate. However, the stresses from the finite element 
analysis are based on models assuming the composite to be a homogeneous material. 
The axial stresses in the resin are not the same as the axial stresses in the fibres. On 
the other hand, the axial strains in the resin are constrained to equal the axial strains 
in the adjacent fibres. Therefore, the axial strains in the resin rich layers are equal to 
the axial strains given by the finite element solution. For plane stress conditions in 
the 1-3 plane, the relationship between stress and strain in an isotropic material is, 
(6.2) 
Thus, the axial stresses along the reSIn rich layers could be calculated from the 
through-thickness tensile stresses and the axial strains obtained directly from the 
finite element analysis. 
The interlaminar shear and tensile stresses in a reSIn rich layer are equal to the 
stresses in the adjacent composite material, since all the through-thickness loads have 
to be transferred across the resin rich layer. Thus, these stresses could be obtained 
directly from the finite element analysis. 
The principal stresses in an isotropic material are related to the stress components in 
the 1 and 3 directions as follows: 
(6.3) 
(6.4) 
Taking 't13 as the interlaminar shear stress, and 0'1 and 0'3 as the normal stresses in the 
axial and through-thickness directions, respectively, the principal stresses in the resin 
rich layers were calculated at various distances away from the cut. 
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The values of ayt and ayC, were derived as follows from the shear yield stress, which 
was assumed to be 70MPa in the previous chapter. In a state of pure interlaminar 
shear, where al and a3 are both zero, the principal stresses can be found from 
, 
(6.5) 
Substituting (6.5) into (6.1) gives, 
3 2> t C 1'13 - ay .ay (6.6) 
The ratio of compressive to tensile yield stresses, ayc / ayt, has been found to be 
close to 1.3 for several types of polymers [14]. If we assume this value for our resin 
and substitute the value of the shear yield stress in (6.6), we obtain, 
ayt = 106MPa ayC = 138MPa 
Assuming the Young's modulus and Poisson's ratio of the resin to be 4GPa and 0.38, 
respectively, the principal stresses in the resin rich layers where crack propagation 
occurred were calculated at various distances from the cut. At each distance, the left 
hand side of (6.1) was then evaluated and normalised by dividing by the product 
a/.ayc. This normalised Raghava criterion was finally plotted against the distance 
along the crack interface from the cut to estimate the yield zone lengths. 
Refer to figures 6.4 and 6.5 for the graphs corresponding to each type of specimen at 
their average experimental failure loads. The zone of yielding material was assumed 
to extend up to the point where the normalised Raghava criterion equalled one. Due 
to symmetry, the yield zones extended equal distances on both sides of the cut. 
Therefore, only the stress distributions on one side of the cut are given .. However, the 
yield zone closer to the surface was not exactly the same length as the yield zone 
further from the surface. Therefore, for simplicity these two lengths were averaged 
together before comparison with the strain energy release rate distributions. 
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FIG. 6.4 Stress distributions along crack paths 
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FIG. 6.5 Stress distributions along crack paths 
in specimens with cut closer to surface 
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Note that the specImens were under displacement control during the tests. yet a 
constant load was applied to the FE model. However, the average yield zone length 
was O.30mm for the specimens with the cut further from the surface, and 0,42mm for 
the specimens with the cut closer to the surface. For crack lengths of this order there 
is virtually no difference in stiffness from the uncracked specimens, hence. for the 
purpose of this analysis, the type of loading does not matter. 
6.4 Failure load predictions 
The mode I and mode II strain energy release rates, G1 and GIl, were calculated using 
the virtual crack closure technique as described in previous chapters. Cracks were 
assumed to propagate simultaneously and at equal circumferential increments along 
the interfaces further and closer to the surface, on both sides of the cut. The previous 
mixed-mode failure criterion, (5.1), was used along with the same values of GIc and 
Guc. Graphs of the normalised strain energy release rate versus the crack length can 
be seen in figures 6.6 and 6.7. Note that the crack length in this case is the average 
length of the two cracks on one side of the cut. 
It is interesting to notice the high amount of mode I indicated by both graphs at the 
start of crack growth, which rapidly diminishes. The mesh is not fine enough to show 
the sharp gradient very clearly, but the trends are similar to those found for the 
straight specimens with cut plies. Nevertheless, the strain energy release rate in the 
first O.2mm of crack growth is not of importance, since the yield zones extend 
beyond this length. At crack lengths of the order of the size of the yield zone lengths, 
the normalised strain energy release rate curve has a positive gradient. Therefore, as 
soon as the strain energy release rate is high enough for cracks to propagate, crack 
propagation will accelerate and catastrophic failure will occur. Hence, the analysis 
predicts the unstable crack growth which was observed in the tests [88]. 
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FIG. 6.6 Normalised strain energy release rate at experimental failure load 
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FIG. 6.7 Normalised strain energy release rate at experimental failure load 
(specimens with cut closer to surface) 
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One will also notice the relatively higher mode I component of strain energy release 
rate in the specimens with the cut further from surface. This is due to the higher 
overall through-thickness tensile stresses and lower local shear stresses compared to 
the specimens with the cut closer to surface. 
In both cases it can be seen that the average yield zone lengths are smaller than the 
crack lengths necessary for sufficient strain energy release rate for crack propagation. 
Therefore the calculations were repeated at higher loads. Since the strain energy 
release rates were directly proportional to the square of the load, and the stresses 
were directly proportional to the load, new values of the yield zone length and the 
necessary crack length could be found without the need for further finite element 
analysis. The bending moments at which the yield zone lengths were equal to the 
minimum crack lengths necessary for crack propagation were predicted after a small 
number of iterations. The predictions for both types of specimen can be seen in table 
6.1 alongside the experimental bending moments at failure. 
Experimental Prediction 
Specimens with cut further from surface 1802Nrnrnlmm 2054Nmrnlrnrn (+14%) 
Specimens with cut closer to surface 1357Nrnrnlrnm 1540Nrnrnlrnrn (+ 13.5o/r) 
TABLE 6.1 Bending moments per unit width at failure 
6.5 Discussion 
Table 6.1 shows the predictions are both higher than the average experimental 
results, but they are still within 14%. A possible source of error could be the presence 
of width direction stresses. Although the specimens were unidirectional and no loads 
were applied in the width direction, secondary stresses could arise in the width 
direction due to the anti-clastic bending constraint in the curved section. Although 
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not thought to be very significant, these stresses might slightly increase the yield zone 
lengths, making the predictions less unconservative. The value of the resin Poisson's 
ratio was also an estimate, but upon investigation it was found that the predicted 
failure loads were very insensitive to its value. 
Another assumption was that the cracks started propagating at the same time and 
grew at the same rate. To calculate the strain energy release rates for a range of these 
parameters would require much more computational time. Another approach will 
therefore be presented in a subsequent chapter which overcomes this problem. 




Delamination due to Cyclic Loading 
7.1 Introduction 
Composite structures, such as helicopter rotor blades, are often required to withstand 
a large number of cyclic loads during their working life. Accurately predicting the 
growth of delaminations in fatigue could therefore reduce the amount of structural 
testing during design and structural checks during the working life of a component. 
In chapter 5 we saw that a fracture mechanics based approach was able to accurately 
predict the static failure loads of straight specimens in three-point bending. In this 
chapter we will attempt to predict delamination growth in these specimens when they 
are subjected to cyclic three-point bending loads. 
Bolotin [89] described a theoretical method for predicting the growth of 
delaminations due to fatigue, based on the Paris equation for fatigue crack 
propagation in metals. It involved using the cyclic strain energy release rate, G f . 
which is the difference between the strain energy release rates at the peak and trough 
loads. Similar equations have been used by O'Brien [46], Lin and Kao [90]. and 
Wisnom et al [91] to fit the experimental delamination growth rates from fatigue 
tests on composite laminates. Wisnom et al [91] used an equation of the form, 
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~= (GfJh dN g. Gc (7.1 ) 
to fit experimental data from several types of E glass / 913 epoxy and XAS carbon / 
913 epoxy laminates with discontinuous internal plies. Note that "a" is the crack 
length, N is the number of loading cycles, Gc is the critical strain energy release rate 
measured from static tests, and g and h are empirical constants. It was seen that the 
values of g and h for all the specimens were very close. In other words, the 
normalised delamination rate was almost independent of the material, lay-up, and 
specimen geometry. Thus, the delamination rate for a wide range of specimen types 
could be predicted quite accurately from the values of g and h obtained from the 
fatigue data of a single type of specimen. 
Wisnom and Jones [92] reported fatigue tests on several types of specimens. Among 
them were tests carried out on the specimen shown in figure 5.1, with the cut at a 
spanwise distance, d, of 5 mm from the central loading point. The peak load during 
the fatigue tests was equal to half the average experimental static failure load, and the 
ratio of trough to peak load, Rf, was 0.1. The experiments revealed cracks 
propagating simultaneously from the top left and bottom right of the cut, as in the 
static tests. The bending stiffness of the specimens was logged against the number of 
cycles. 
In this chapter, the strain energy release rate versus crack length data determined in 
chapter 5, and the values of g and h from previous tests on simple coupons, will be 
used to determine the crack growth rate. The crack length corresponding to a 
particular number of cycles will then be predicted. Using the finite element model, 
the degradation in bending stiffness with respect to the crack length will also be 
found. This will be used to predict the stiffness degradation of the beam with respect 
to the number of cycles. Finally, the prediction will be given alongside two 
experimental data sets. 
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7.2 Rate of delamination growth with respect to crack length 
The first step in predicting the stiffness degradation in fatigue was to obtain the 
values of the cyclic strain energy release rate, G[, at each increment of crack length 
and normalise them with the critical strain energy release rate, Gc. 
Figure 7.1 shows a graph of the total strain energy release rate against the crack 
length, obtained from the finite element analysis. The applied load per unit width at 
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FIG. 7.1 Strain energy release rate at peak load of fatigue tests 
Since the strain energy release rate, G, is proportional to the square of the load. the 
value of G[ can be found from, 
'1 
G[ = Gpeak.( 1 - R() (7.2) 
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where Gpeak is the value of G corresponding to the peak load. 
Figure 5.7 shows that the strain energy release rate is almost entirely mode II, apart 
from in the first O.2mm of crack growth where there is a significant mode I portion. 
A simplistic approach was therefore adopted where Gf was normalised by the value 
of GIc up to a crack length of O.2mm, and was thereafter normalised by the value of 
GUe . 
The next step was to find the rate of delamination growth, daJdN, from the 
normalised cyclic strain energy release rate, Gf/Ge. The delamination growth rate was 
assumed to follow the relationship in equation (7.1). The values of the empirical 
constants, hand g, were found to be close to 7.42 and 1.145mmlcycle, respectively 
[91]. These were substituted into (7.1) along with the values of Gf/Ge at each 
increment in crack length. This gave the values of daJdN corresponding to crack 
lengths between 0 and 2mm. 
7.3 Bending stiffness with respect to number of cycles 
From the values of daJdN corresponding to each crack length, it was possible to 
determine the crack length corresponding to a particular number of cycles, N. Since 
the increments of crack length, ~a, were relatively small, the increment in the number 
of cycles, ~N, required to increase the crack length by ~a could be approximated by, 
( d J-1 ~::::~a. d~ (7.3) 
where the value of daJdN corresponds to the crack length at the beginning of the 
increment. Thus, the value of N at a particular crack length was equal to the sum of 
the values of ~N required for all the increments in crack length leading up to that 
crack length. A graph of a against N can be seen in figure 7.2. 
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FIG. 7.2 Predicted crack growth with respect to number of cycles 
The above graph has not been plotted on a log scale so that the rapid acceleration of 
the crack growth can be seen more easily. There is an initial burst in crack 
propagation due to the significant mode I strain energy release rate, but thereafter the 
delaminations grow quite slowly until the rapid acceleration occurs. 
The bending stiffness of the beam reduced as the crack length increased. At each 
increment of crack length, the value of the vertical displacement, z, of the point of 
contact of the central loading roller was obtained from the finite element analysis. 
For convenience, the value of the applied load, P, divided by the corresponding value 
of Z was used to gauge the stiffness. The values of P / z at each crack length were 
normalised by the initial value. Finally, a graph of normalised stiffness against N was 
plotted. During the testing of the specimens, the displacement of the central roller 
was logged against the number of cycles so it was possible to obtain P / z as a 
function of N. The degradation in the normalised stiffness from the two tests can be 
seen alongside the prediction in figure 7.3. 
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FIG. 7.3 Degradation in bending stiffness due to delamination in fatigue 
7.4 Discussion 
Figure 7.3 shows that the predicted stiffness remained almost constant up to a certain 
number of cycles whereupon it suddenly and rapidly reduced. This is exactly what 
the experimental data show. The number of cycles, N, at which the predicted rapid 
stiffness drop occurs is close to the two experimental results. The predicted 
normalised stiffness does not fall below 0.97 because only 2 mm of crack 
propagation on either side of the cut was modelled. However, one can see from the 
shape of the curve that the stiffness would continue to fall dramatically if the 
prediction was continued. Upon further investigation it was found that the value of N 
at the beginning of the rapid stiffness reduction was quite sensitive to the value of 
critical strain energy release rate, Gc. Since there is always some material variability 
in composites, such as the fibre volume fraction and voidage, the value of Gc would 
vary slightly between different specimens. This may be one reason for the relatively 
high degree of scatter in fatigue tests. 
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However, the qualitative crack growth behaviour was not sensitive to the value of Gco 
Therefore, this approach was successful in predicting the manner in which 
delaminations spread from discontinuous plies in composites under fatigue loading. 





with Interface Elelllents 
8.1 Introduction 
In chapter 2 we saw that finite element analysis is often employed for predicting 
failure in tapered laminates. Both stress based methods [12,18] and fracture 
mechanics methods [72-76,93] have been used to predict static delamination loads in 
tapered composites. There are drawbacks to both these types of approaches. Due to 
the stress singularities at the ends of the discontinuous plies the stress based methods 
are highly dependent on mesh size, or in the case of average or point stress criteria, 
they involve certain characteristic lengths which do not have a very strong theoretical 
foundation. Fracture mechanics methods such as the virtual crack closure technique 
rely on the assumption of an initial defect or crack length. This problem was tackled 
in chapters 5 and 6. Nevertheless, with the approach adopted there it is still necessary 
to know beforehand the path of the delamination, and where there is more than one 
possible delamination site, the propagation rate of each delamination relative to the 
others. However, the stress based methods are generally good at predicting the 
initiation of delamination, and fracture mechanics is generally successful at 
predicting the growth of delamination once an initial crack has been formed. 
115 
Chapter 8 Predicting Delamination with Interface Elements 
The approach used in this chapter combines both of the above methods and therefore 
overcomes their deficiencies. Failure is assumed to occur in the resin rich layers 
between plies. Special user-defined elements representing the interface between the 
plies are inserted in the finite element model along any possible delamination path. 
Local failure initiates when the stress in an element reaches a critical value and then 
plastic deformation takes place. Although bulk tests of resin often produce brittle 
failure, plasticity and much higher resin strains have been observed in very localised 
areas around crack tips [35,94]. It is therefore reasonable to use plasticity theory to 
model the yielding or damage process in the resin. When a certain amount of plastic 
work is done, representing the critical strain energy release rate, Gc, the element 
"fails" and is no longer able to bear any load. Thus the initiation and growth of 
delamination can be simulated in one execution of a finite element code. This 
approach was first used to simulate delamination in fibre-reinforced composites by 
Schellekens [95]. The interface element approach was mainly applied to the problem 
of free edge delamination [96,97] and there was good agreement between the 
predicted and experimental ultimate failure strains. However, in mixed mode cases 
the value of Gc was calculated from the ratio between the plastic work in each mode 
and the uncoupled critical values of the strain energy release rate, GIc and GIIc . This 
meant it was necessary to know the mode ratio at each integration point before the 
approach could be applied. 
An in depth description of the interface approach was given by Corigliano [98]. He 
used interface elements to predict the load - displacement response of a double 
cantilever beam test (pure mode I delamination), however, there was very little 
experimental verification. The value of Gc was found to be the most important 
parameter of the interface model. 
Hellweg [99] also used interface elements to predict the load - displacement response 
of a DCB test. There was good agreement with experimental data. Mixed-mode 
failure was simulated in "overlap" specimens as well, and the failure loads correlated 
reasonably well with experimental results. The interface element was later used to 
simulate delamination in a mixed-mode delamination test [100]. Cui and Wisnom 
[101] applied a simple type of interface element to predict pure mode II delamination 
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In specimens under three-point bending and specimens with discontinuous central 
plies. The results compared well with the experimental data. The same type of simple 
interface element was used by Wisnom [102] to predict mode II failure in specimens 
under three-point bending which contained initial cracks of various lengths. In 
contrast to linear-elastic fracture mechanics, the interface element approach predicted 
failure loads very close to the experimental results at all crack lengths. 
All of the interface elements described above have a sudden discontinuous change in 
stiffness when the stress reaches the critical value. In this chapter, an interface 
element is designed which has a smooth transition between linear elastic and plastic 
behaviour. This means fewer iterations are needed during the finite element 
procedure. The element is also able to handle changes in mode ratio which occur 
anywhere between initial loading and total failure of the element. These interface 
elements are then used to predict the static failure loads of the specimens with 
discontinuous plies which were analysed in chapters 5 to 7. In each case there are 
several possible delamination sites and both mode I and mode II damage is present. 
The use of interface elements in solving multiple mixed-mode delaminations has not 
been seen in the current literature, even though they possess an advantage over 
traditional fracture mechanics approaches in such situations. 
8.2 Description of interface element 
The stress-strain behaviour of the interface element is modelled usmg plasticity 
theory. The main plasticity equations that were used will be explained first of all. 
Then an account of how the theory was implemented into the finite element method 
will be given. 
Strain can generally be divided into an elastic, or recoverable component, fe, and a 
plastic, or permanent component, £P. The total strain, £, is thus, 
(8.1) 
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If stress is plotted against total strain, the slope of the curve at a particular point is 
called the current tangent modulus, T. If stress is plotted against the elastic 
component of strain, the slope will be the elastic modulus, E. If stress is plotted 
against the plastic component of strain, the slope is called the plastic modulus, H. 
The relationship between T, E and H is as follows: 
liT - l/E+1/H (8.2) 
The above equation shows that H can be ignored when it is much higher than E, but 
the tangent modulus approaches the plastic modulus as H goes to zero. This means a 
smooth transition between the initial high elastic stiffness of a material and perfectly 
plastic or work softening behaviour can be achieved by gradually reducing the value 
ofH. 
The Prandtl-Reuss equations are often used to define the relationship between the 
increment in plastic strain and the stress. They can be written in the following form: 
d£~ _ d£~ _ d£~ _ dy~y _ dy~z _ dy~z _ d'i 
--_--_--_--_ - - f\., (8.3) 
't zx 
where d'A is a positive scalar, s is the deviatoric normal stress, and 't and yare the 
shear stress and shear strain, respectively. If we assume the yield function of the 
material to be that of von Mises then, 
(8.4) 
where O"VM is the equivalent von Mises stress and d£ P is the equivalent plastic strain 
increment. A total stress - strain relationship can be found by combining (8.3) and 
(8.4) with the elastic stress - strain relationship (Hooke's law). Yamada et al [103] 
derived this stress - strain relationship and presented it in a useful matrix form. Later, 
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Chakrabarty [104] gave the relationship for the case of plane stress in the following 
format: ~ 
s~ sx s, (sx + vsJ1'n (1+v)++2B 
- (1 + V)-2-' + 2vB 
dCTx CTVM 2 CTVM a\',I! 
dCTy 




- (1 + V)-2- + 2vB (1 + v)--}-+ 2B C dcy CTVM ) d1'xy CTVM a\~H (sx + vs )1' (s, + vsJ1'x , ) dYn y xy C r-
,n 
2 2 --(1-V)-2--CTVM CTVM 2 a\!,\[ 
(8.5) 
where G is the shear modulus, v is the Poisson's ratio and, 
(8.6) 
2 (H) i C=3(1-V) 1+- -(1-2v)--}-
3G aVM 
(8.7) 
and for plane stress, 
(8.8) 
For the present analyses, x, y and z can be interpreted as directions tangential to the 
interface (1), normal to the interface (3), and through the width (2), respectively. 
The interface element consists of two coincident nodes, one on either side of the 
crack interface, which are effectively connected by non-linear springs. Load is 
transferred between the nodes in directions both tangential and normal to the 
interface. Similarly to the surrounding elements in the model, the interface element 
assumes plane stress. It also assumes the normal strain in the tangential direction to 
be zero. For the specimens analysed in this study, both these simplifications have 
very little effect on the results. The specimens are unidirectional so the width 
direction Poisson's ratio is close to the pure resin Poisson's ratio, and once yielding 
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begins the axial strains in the resin rich layer are negligible compared to the through-
thickness normal and shear strains. 
The interface element was created by using a user-defined element, available in 
ABAQUS [59]. A computer programme (see appendix) was written in Fortran 77 to 
describe its behaviour. The code was inserted into the finite element input file and 
was executed automatically whenever the solution procedure required information 
about an interface element. The primary function of the code is firstly to read in the 
stresses in the element and the tangent stiffness matrix corresponding to the end of 
the previous load increment, and the increments in the nodal displacements during 
the current load increment; then to calculate the increments in stresses using (8.5); 
and finally to send out the stresses and nodal forces corresponding to the end of the 
current load increment. The tangent stiffness matrix is also given at the end of every 
load increment to enable the solution procedure to calculate the nodal displacements 
in the next increment. Moreover, the code reads in and updates the components of 
plastic work and H. Refer to figure 8.1 for a flowchart of the code. 
After the increments in nodal displacement are read in they are translated into 
components normal and tangential to the local interface. The relative displacements 
of the nodes on either side of the interface are used to calculate the increments in 
strain. The thickness of the resin rich layer was assumed to be 0.01 mm when 
calculating the strains. This value was low enough for the relative nodal 
displacements to be negligible while the interface elements were behaving elastically. 
The code then checks to see if the plastic work reached its critical value in the 
previous increment. If it did the element has "failed" and has zero stiffness. 
Otherwise the code goes on to check if the element is unloading. 
For a material which may be work softening, unloading should be checked by 
referring to the increments in strain rather than the increments in stress. Chakrabarty 
[ 104] states the following condition can be used to check for unloading: 
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where i and j are suffixes which can represent either 1, 2 or 3, and nij is the outward 
drawn unit normal to the yield surface at the current stress point. Since we are using 
the Prandtl-Reuss equations we have, 
(8.10) 
where Sij is the deviatoric stress corresponding to directions i and j. So for plane 
stress and zero strain in the tangential direction there will be unloading when, 
(8.11) 
Note that even if the through-width stress is zero, the through-width deviatoric stress, 
S2, is generally not zero. If the element is unloading, the terms in the tangent stiffness 
matrix are set to those corresponding to Hooke's law. Otherwise the terms in the 
tangent stiffness matrix are found from (8.5). The same matrix is used during the 
entire strain history. Simply by changing the value of H, the element is made to 
behave either elastically or plastically with either work hardening or work softening. 
Referring to (8.2) one can see that the tangent modulus will be within 1 % of the 
elastic modulus when H is 100 times greater than the elastic modulus, and the tangent 
modulus will equal zero when H equals zero. Thus, the following function of H was 
used: 
2 H = 100.E.(l - 'tVM / 'ty) (8.12) 
where E is the Young's modulus, 'ty is the shear yield stress, and 'tVM IS the 
equivalent von Mises stress divided by ...)3. Shear stresses were used rather than 
normal stresses for convenience since the shear yield stress of the material was 
available. The form of the above equation was not based on any physical phenomena, 
and was chosen simply to obtain a smooth transition between the initial high stiffness 
of the element and perfectly plastic behaviour. 
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READ IN: 
1. Increments in nodal displacements for current iteration 
2. Values of stresses, components of plastic work and H 
corresponding to end of previous increment 
1. Translate displacements from global X and Y components 
to local components (normal and tangential to interface) 




at end of last 
increment? 
NO 
NO Is element YES 
unloading? 
1. Set nodal forces, 
stresses, H and terms 
in tangent stiffness 
matrix to zero 
Obtain terms in tangent 
stiffness matrix 
corresponding to end 




Hooke's law 2. Set components of 
plastic work equal to 
values in previous 
increment 
1. Calculate increments in stresses and plastic work 
2. Calculate new values of stresses, plastic work, 
tangent stiffness matrix, nodal forces and H 
3. Translate nodal forces and tangent stiffness 
matrix back to global system 
" OUTPUT: 
1. Nodal forces 
2. Tangent stiffness matrix 
3. Stresses, H and plastic work 
FIG. 8.1 Flowchart of interface element code 
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The next step in the code is to calculate the increments in stresses and plastic work. 
These are used to update the values of the stresses (and hence nodal forces), plastic 
work, H, and finally the terms in the tangent stiffness matrix. The last step in the 
code is to translate the nodal forces and tangent stiffness matrix from the local co-
ordinate system to the global co-ordinate system which the solution procedure works 
In. 
The plastic work is divided by the area of interface surface which the element 
represents to make it comparable with the critical strain energy release rate or 
fracture energy, Gc. Furthermore, it is separated into mode I and mode II components. 
The increments in mode I and mode II plastic work divided by interface surface area, 
~GI and ~GII respectively, are calculated as follows: 
for a3 > 0 
for a3 < 0 (8.13) 
(8.14) 
Where a' and 't' are the through-thickness normal and shear stresses at the end of 
3 13 
the previous load step, ~'t13, ~a3, ~Yi3 and ~£~ are the increments in stress and 
plastic strain during the current load step, and tr is the assumed thickness of the resin 
rich layer. The above equations assume a linear variation of the stress between each 
load increment. Notice that the increment in mode I plastic work is set to zero when 
there is through-thickness compression. This prevents the interface elements from 
failing under pure through-thickness compression. This assumption was also made by 
Schellekens [95]. 
The same mixed mode strain energy release rate criterion is used to predict failure: 
Gnorm = G1 / GIc + GIl / G IIc = 1 
(8.15) 
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where GIc and GIIe are the mode I and mode IT critical strain energy release rates, 
respectively. If the value of Gnonn reaches or exceeds 1, the element will fail and no 
longer carry any loads. However, since the code only checks to see if the element has 
failed at the beginning of each routine (see figure 8.1), the element will still support 
loads at the end of the current increment. This is a necessary evil for the sake of 
improving solution convergence. Thus, the size of the load increment is made small 
enough so that the elements always fail with the plastic work within about 1 % of the 
critical value. The value of Gnonn at the end of the increment is passed on to the next 
increment, along with the updated stresses, terms in the tangent stiffness matrix and 
value ofH. 
The material properties of the interface element correspond to those of the resin, 
which in this case is 913 epoxy. The elastic properties of the resin can be measured 
from bulk tests but the stress - strain behaviour beyond the elastic limit is difficult to 
obtain because of problems of premature failure of the specimens. Therefore, we 
have made assumptions about how the interface behaves after yielding. Two types of 
post yield or damage behaviour were modelled in the interface element. The first was 
perfectly plastic up to total failure, such as in the interface element which Cui and 
Wisnom [101,102] used. The second type of behaviour was similar to that modelled 
by Schellekens [96] and Hellweg [99], in that after yielding, the load which the 
element carried was gradually reduced so that when the plastic work had reached its 
critical value the stresses were equal to zero. Refer to figure 8.2 for a plot of shear 
stress against relative nodal displacement for monotonically loaded elements of both 
types. The strain path for unloading is also given. 
The first type was easy to model since it was just necessary to set H equal to zero 
once 'tVM had stabilised to 'ty. However, the second "work softening" type of 
behaviour was more difficult to model. It is important for work softening not to 
commence too soon, otherwise the value of'tvM may never reach 'ty. Thus to be safe. 
work softening was only started once the value of Gnorm had reached 0.1. at which 
point the value of'tvM had completely stabilised to 'ty. The amount of work softening 
required to reduce the stresses to zero by the time Gnorm = I varies depending on the 
mode ratio. Hence the following function of H had to be used: 
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(8.16) 
where HI is the value of H required to cause the stresses to be zero when Gnonn = 1 in 
pure mode I loading, and Hn is the value of H required in pure mode II loading. The 
values of HI and Hn are constants for a particular type of interface element, and can 
easily be found before the main analysis. For example, the value of HI is determined 
by applying a gradually increasing pure mode I deformation to an interface element 
until G1 = GIc and checking the final stress. Iteration is then carried out to obtain the 
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FIG. 8.2 Stress-strain response of interface element in pure shear 
8.3 Predictions from finite element analysis 
0.03 
The finite element models created for the analyses in chapters 5 and 6 were used 
again. However, interface elements were placed between the coincident nodes instead 
of spring elements. The material properties of the resin and the values of GIc and GIlc 
used to define the behaviour of the interface elements were the same as the ones 
assumed previously in this thesis. 
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The finite element models were solved in ABAQUS using the standard Newton-
Raphson solution technique. The load was divided into about 50 increments to ensure 
all the interface elements followed the stress-strain curve closely, and to allow for 
any unloading or changes in mode ratio. Since the specimens did not have 
significantly large deformations a small displacement analysis was thought to be 
adequate. Convergence was generally quite good with an overall average of 4 or 5 
iterations per increment. However, the increments in load had to be reduced as the 
failure load was approached and convergence became more difficult. After the 
ultimate load of the model had been reached convergence was not possible with the 
standard solution method. This was not a problem since the aim was to predict the 
failure loads, not the response of the structure after delamination. Separate analyses 
were done using interface elements with either a perfectly plastic response or a work 
softening response, as described previously. The predicted failure loads and bending 
moments per unit width for both types of interface element are given in table 8.1 
along with the average experimental values. 
Some of the finite element analyses were repeated using displacement control and the 
Riks solution technique. There was no difference in the predicted failure loads. 
Straight Straight Curved specimen, Curved specimen, 
specImen, speCImen, cut plies further cut plies closer 
d-5mm d = 15mm from surface to surface 
Experimental averages 284.0N/mm 432.4 N/mm 1802 Nmmlmm 1357 Nmm/mm 
Predictions assuming 277.3 N/mm 435.3 N/mm 2535 Nmmlmm 1675 Nmm/mm perfectly plastic response 
Percentage difference -2.4% +0.7% +41% +24% 
Predictions assuming 244.0N/mm 378.0 N/mm 2092 Nmmlmm 1490 Nmm/mm 
work softening response 
Percentage difference -14% -13% +16% + 100/, 
TABLE 8.1 Loads and bending moments at failure (per unit width) 
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8.4 Discussion 
By comparing the predicted failure loads with the experimental failure loads in table 
8.1 we can see the predictions using "perfectly plastic" interface elements are very 
good for the straight specimens but unconservative for the curved specimens. On the 
other hand, the predictions using the "work softening" interface elements are 
reasonable for all four types of specimens. A possible source of error could be the use 
of the von Mises yield criterion for modelling the behaviour of the interface 
elements. This was done for simplicity since the corresponding incremental stress _ 
strain relationship for plane stress in matrix form was already available [103,104]. 
However, the von Mises yield criterion was developed for use with metals and is not 
influenced by the hydrostatic stress. 
Using Raghava's yield criterion [14] instead of von Mises' would have the effect of 
lowering the yield stress in situations where there is significant hydrostatic tension, 
such as in the curved specimens. The analysis was therefore repeated on the curved 
model with the cut further from the surface, using a value of yield stress 10% lower 
then the original. The predicted failure load dropped by 5% with the perfectly plastic 
interface elements and 4% with the work softening interface elements. Thus, using 
Raghava's criterion instead of von Mises' would make the predictions for the curved 
specimens less unconservative. Some of the damaged interface elements in the 
straight specimen models were under through-thickness compression. Raghava's 
criterion therefore, could be expected to give slightly higher predictions for the 
straight specimens. 
Finally, we must not overlook the possibility of differences in GIc and GIIc between 
specimens with different geometries. Indeed, it has been shown that thicker resin rich 
layers between plies can result in higher values of GIc and Guc [105-107]. The 
average measured thickness of the straight specimens was 4.33mm, compared to 
4.06mm for the curved specimens with the cut closer to the surface and -+. 15mm for 
the curved specimens with the cut further from the surface. However. all the 
specimens had the same number of plies, so the differences in thickness are due to 
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different amounts of resin flow during curing. Thus, the straight specimens may have 
thicker resin rich layers between plies compared to the curved specimens. and 
therefore higher relative fracture toughnesses. This would explain some of the 
difference between the predictions for the straight and curved specimens, which can 
also be seen in chapters 5 and 6. 
To predict the locations of the delaminations, the extent of damage in each interface 
element was looked at just prior to catastrophic failure. The value of the normalised 
strain energy release rate, Gnonn, was plotted against the distance along the interface 
from the cut for each of the possible delamination sites. An interface element is 
completely damaged when its value of Gnorm reaches 1. The graphs corresponding to 
the interfaces above and below the cut can be seen in figure 8.3 for the straight 
specimen with d = 5mm, and in figure 8.4 for the curved specimen with the cut 
further from the surface. The graphs corresponding to the other straight and curved 
specimens are qualitatively similar to figures 8.3 and 8.4, respectively. Note that each 
data point on the graphs refers to the value of Gnorm for a particular interface element. 
Referring to figure 8.3 we can see that there are large damage zones along the 
interfaces at the top left and bottom right of the cut. Thus, delamination would be 
expected to occur in these two locations. This is what happened during the tests. It is 
interesting to note that some of the elements along the interfaces at the top right and 
bottom left of the cut start unloading before catastrophic failure. This shows the 
importance of having unloading capabilities in the interface element even when the 
structure is under monotonic loading. There is little difference between the perfectly 
plastic interface elements and the work softening interface elements, except that 
some fully formed cracks develop before unstable crack propagation with the 
perfectly plastic interface elements. These are indicated by the solid square symbols. 
However, the work softening elements nearest to the crack tips are almost completely 
damaged prior to catastrophic failure. Delamination in the curved specimens 
occurred on both sides of the cut but was more dominant along the top interface. This 
was predicted by the analysis, as can be seen in figure 8.4. As with the straight 
specimen model, the perfectly plastic elements were more damaged prior to 
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As explained earlier, if a perfectly plastic element has a value of G
norm 
less than 1 at 
the end of one increment, then it will still support loads in the next increment even if 
the value of Gnorm surpasses 1. Thus, the load increment size was made small enou ah 
b 
so that the elements always failed with the plastic work within about 1 % of the 
critical value. However, when crack propagation became unstable this was difficult 
to maintain since the loads supported by elements which reached failure in the 
previous increment had to be transferred to the adjacent elements, which were 
themselves close to failure. This "domino effect" resulted in elements having a value 
of Gnorm significantly higher than 1 at the end of an increment, even when the size of 
the load increment was very small. This can be seen in figures 8.3 and 8.4, where the 
unfailed perfectly plastic elements adjacent to the completely failed elements have a 
value of Gnorm noticeably higher than 1. This is not a problem in the present 
investigation since it does not affect the predicted failure loads of the specimens. 
The above situation does not arise with the work softening elements as they have 
already lost most of their load carrying capability when complete failure occurs, and 
thus the adjacent elements do not undergo a sudden increase in strain. If, however, a 
substantially large increment in strain did occur in a work softening element when it 
was close to complete failure, there could be another problem. The increment in 
stress calculated by (8.5) could be large enough to result in a load reversal, i.e., the 
stress - strain curve would cross the strain axis. A subroutine was therefore inserted 
into the code which brought the stress to zero if this occurred. 
The importance of the interface element being able to handle changes in mode ratio 
during its plastic deformation or damaging process can be seen in figure 8.5, where 
the ratio between mode I and mode II plastic work in the elements along the 
interfaces of one of the specimens is plotted at two points in time. One will notice 
that the elements very near the cut have a significantly higher proportion of mode I 
damage just prior to catastrophic failure, compared to when the load is half the 
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Note that the total components of damage were used to plot the mode ratios, hence 
the change in mode ratio would be much greater if we considered the incremental 
components of damage. Thus an element may start yielding in predominantly shear 
and end up yielding mostly in tension, or vice versa. Figure 8.S also shows that there 
is a small difference in the mode ratio between the two types of interface element. 
The graphs correspond to the curved specimen with the cut further from the surface. 
The elements near the cut fail by a mixture of mode I and mode IT. The mode II 
component is due to the axial loading at the cut, and the mode I component is due to 
the overall through-thickness tension caused by the curvature. Hence, the mode II 
component is higher closer to the cut and nearer the surface of the specimen where 
the axial loading is higher; and the mode I component is higher along the top 
interface where the through-thickness tensile stress is higher. 
The graphs corresponding to the other type of curved specimen were similar to the 
ones in figure 8.S except the ratio of mode IT to mode I was generally higher since the 
cut was closer to the surface. The damage in the interface elements in the straight 
specimens was almost entirely mode IT, except for the elements within O.OSmm from 
the cut where there was significant mode I damage due to high local through-
thickness tension caused by the interaction of the overall shear stress and the cut. 
8.5 Conclusions 
An interface element has been developed to model the resin rich layers between plies, 
using plasticity theory. The element is able to behave elastically, yield under a 
changing mode ratio with either a perfectly plastic or work softening type response, 
and finally fail when a certain amount of plastic work has been done. The element 
has been inserted into four finite element models of composite specimens which 
failed by multiple delaminations under various combinations of mode I and mode II. 
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Assuming a perfectly plastic post yield response, very good predictions have been 
made of the failure loads of straight specimens, where the delamination is mostly 
mode II. However, unconservative predictions were made for curved specimens with 
a significant proportion of mode I. Reasonably good failure load predictions were 
made for all the specimens when the interface elements had a work softening type 
response. In all the cases, the predicted locations of the delaminations matched what 
was observed in the tests. Finally, the interface elements created for this study were 
able to intrinsically take account of any changes in mode ratio. This enabled us to 
observe the considerable variation in mode ratio during the damage process of an 
individual element. This issue has not been studied in the current literature. 
When there is more than one possible delamination site, the above approach has a 
significant advantage over conventional fracture mechanics methods, such as the 
virtual crack closure technique, since it is not necessary to assume where or at what 
rates the cracks will propagate. When there is a macroscopic singularity present in 
the model, such as a ply-drop, the interface approach has an advantage over stress 
based methods since it is not dependent on a characteristic length which is difficult to 
measure, and is less sensitive to mesh size as the yielding prevents acute stress 
gradients. 
However, at present it is likely that the user will have to spend time defining the 
behaviour of the element with a computer code since elements of this type are not 
widely available in commercial finite element packages. Additional time might also 




9.1 Main achievements 
A structured strategy was conceived for investigating and developing methods for 
accurately predicting through-thickness failure in composite laminates with curvature 
and discontinuous plies. 
A literature survey was undertaken to gain an overview of the established methods 
for predicting delamination failure in composite laminates. This knowledge was used 
as a platform for making improvements in the way delamination is predicted, with 
the aim of increasing the accuracy without increasing the complexity of the analysis. 
Through-thickness failure in curved laminates without discontinuous plies was 
studied first of all. This was achieved by constructing a finite element model of 
curved specimens which had been designed and tested to measure the through-
thickness strength of composites under combined tension and shear. By inserting the 
values of the maximum interlaminar stresses into a simple interactive failure 
criterion, the failure loads of the specimens were predicted. The correlation with the 
experimental results was far from satisfactory. It was hypothesised that this might 
have been due to the difference in stressed volume between the specimen under study 
and the specimens used to derive the two individual interlaminar strengths. 




volumetric size effects. The resulting predictions matched the experimental failure 
loads reasonably well. 
Attention was then turned towards the problem of delamination in laminates 
originating at discontinuous plies. In the first case, the laminate was assumed to have 
no curvature and not to be under any out-of-plane forces. An analytical solution was 
derived for calculating the strain energy release rate due to delamination from the 
discontinuous plies of a laminate under a combination of bending and axial forces. 
Thus delamination could be predicted without the need for time consuming finite 
element analysis. A parametric study using the closed form solution revealed that one 
of the most important parameters affecting the magnitude of the strain energy release 
rate was the axial strain at the ply-drop. Therefore, from the values of in-plane strain 
allowables which are commonly used in industry, it would be easy to work out the 
orientations and maximum number of plies that can be dropped together in a 
laminate. 
The problem was then progressed by assuming the laminate was also under out-of-
plane forces, which give rise to interlaminar shear stresses. Finite element analysis 
was carried out on straight specimens in three-point bending which had been 
designed and tested to look at the problem of delamination due to a combination of 
local stresses arising at discontinuous plies and an overall interlaminar shear stress 
distribution. The virtual crack closure technique was used to determine the strain 
energy release rates of different crack combinations. An established failure criterion 
based on the mode I and mode II strain energy release rates was not able to accurately 
predict the loads at which delamination occurred in the tests. Therefore, the method 
was improved by taking account of the matrix yielding which occurs prior to crack 
formation. This approach was relatively simple, yet the predictions were improved 
considerably. 
Having separately tackled the problem of through-thickness failure in laminates with 
curvature but without discontinuous plies, and the problem of delamination in 
laminates with discontinuous plies but without curvature. specimens were analysed 




accounted for yielding in the matrix was used to predict the failure loads of the 
specimens. There was reasonably good correlation with the experimental results. but 
the predictions tended to be unconservative. 
The problem of delamination from discontinuous plies due to fatigue cannot be 
overlooked, and was therefore studied briefly. The static tests done on straight 
specimens in three-point bending were repeated in cyclic fatigue. Delaminations 
grew from the discontinuous plies and degraded the bending stiffness of the 
specimens. The rate of stiffness degradation was closely matched by a method 
combining the Paris equation and the cyclic strain energy release rate obtained from 
finite element analysis. 
Finally, another approach was carried out to predict the static delamination loads of 
the specimens with discontinuous plies. It involved using specialised elements to 
model the resin rich layer between plies along which the delaminations were assumed 
to propagate. A Fortran code was written to define the behaviour of the elements. In 
the code, a yield criterion was used to predict the initiation of damage, and a strain 
energy release rate criterion was used to predict final failure. Therefore, the approach 
had a similar philosophy to the previous fracture mechanics approach which 
accounted for yielding, but it was not necessary to assume the locations and relative 
growth rates of the different delaminations. Thus it had an advantage over the 
previous approach for cases with multiple delaminations. However, there was no 
improvement in the accuracy of the predicted failure loads for the specimens with 
discontinuous plies. 
Once more, the predictions for the straight specimens were always more conservative 
than the predictions for the curved specimens. The reason for this might be related to 
the fact that the curved specimens had higher fibre volume fractions than the straight 
specimens due to more resin bleed during the curing process. This would result in 
thinner resin rich layers between plies and perhaps lower fracture toughnesses. 
In conclusion, a number of different approaches for predicting through-thickness 
failure have been developed. They have beer the failure loads of a 
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series of relatively simple composite laminates with curvature and/or discontinuous 
plies. Note that delamination due to free edge stresses or out-of-plane impacts was 
not covered, although cyclic fatigue loading was briefly studied. There was generally 
reasonably good correlation with experimental test results and the approaches were 
kept from becoming more complex than necessary. Thus, the main objective of the 
thesis has been achieved. 
9.2 Recommendations 
For situations where there are no stress singularities due to for instance, ply-drops, 
through-thickness failure should be predicted using a stress-based failure criterion, 
after accounting for volumetric size effects with Weibull theory. However, if the 
Wei bull moduli are not available and a rough estimate is all that is required, 
engineering judgement should be used to approximate conservative values of the 
interlaminar strengths by comparing the volume of the test specimens used for 
obtaining the strengths to the volume of highly stressed material in the structure. 
Delamination from discontinuous plies in relatively flat laminates under no 
significant through-thickness shear loading should be predicted from the strain 
energy release rate. This can be evaluated quite easily from the closed form solution 
derived in chapter 4, and compared to the appropriate value of fracture toughness for 
a reasonably good initial estimate of the failure load. 
If there are significant overall interlaminar stress distributions, a fracture mechanics 
approach by itself does not seem to be adequate. However, when a mixed-mode 
strain energy release rate criterion is coupled with a stress-based yield criterion to 
estimate the initial crack size, reasonably good predictions can be attained. 
Alternatively, if time is more important than accuracy, the above mentioned closed 
form solution should be used along with a conservative value of the fracture energy, 
such as the pure mode I value, GIc . Failure due to overall stresses should then be 




In laminates where there are several ply-drops in close proximity to each other, 
failure should be predicted with the use of interface elements in a finite element 
model. This approach is more computer intensive than the previous approach, but is 
well suited to cases with multiple delaminations. Again, if the engineer is constrained 
by time and just requires a first order estimate, the procedures recommended in the 
latter part of the previous paragraph should be taken at each individual ply-drop 
location. 
9.3 Future research 
In this thesis we have concentrated on unidirectional laminates so that the effects of 
discontinuous plies and curvature could be clearly separated from the free edge 
stresses encountered in mixed lay-ups. Future work could involve studying 
delamination due to the interaction of all these features. 
Furthermore, all of the speCImens had relatively simple geometries and loading 
conditions. Before any of the prediction methods are accepted by industry, they must 
be successful in more practical situations. Thus, these approaches should be used to 
predict delamination failure in structural elements similar to the roots of helicopter 
rotor blades and the joints between spars, ribs and skins of composite wings. 
The problem of predicting delamination in cyclic fatigue was studied briefly in this 
thesis but there is scope for much more work in this area. For example, the interface 
element could be developed to store the plastic work it undergoes during each 
loading cycle. Hence the damage zone or crack length could be predicted with respect 
to the number of cycles. 
The accuracy of any prediction method relies on the accuracy of the material 
properties which it assumes. Further work must go into studying the sensitivities of 
the fracture toughness and the Weibull mod11111~ to the fihre volume fraction. Once 
139 
Chapter 9 Conclusions 
these relationships have been more thoroughly established, it will be possible for 
future approaches to account for them. 
Two types of post-yield behaviour were used to model the interface element in this 
thesis. It was not conclusive as to which type of response predicted delamination 
more accurately. It is possible that the true post-yield behaviour is somewhere in 
between perfectly plastic and linearly work softening, but more work is needed to 
verify this. 
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Appendix 
The following is the Fortran code defining the interface element with a work 
softening response. It is designed to be executed by the ABAQUS finite element 
solver whenever information about a user element is required. 
Note that PROPS(1) refers to the length of the element, and PROPS(2) refers to the 
angle in degrees between the global x direction and the local tangent to the interface. 
SV ARS(1), SV ARS(2) and SV ARS(3) are the shear, through-thickness and axial 
stresses, respectively. SVARS(4), SVARS(5) and SVARS(6) are the mode I, mode IT 
and normalised total values of plastic work, respectively. SV ARS(7) is the value of 
the plastic modulus, and SVARS(8) is the value of "'CVM. U(*) and DU(*,I) are the 
node displacements and increments in displacements, respectively, which are made 
available by ABAQUS. RHS(*, 1) and AMATRX(*, *) are the forces at the nodes and 
the terms in the stiffness matrix, respectively. These values are required by ABAQUS 




SUBROUTINE UEL (RHS,AMATRX, SVARS,ENERGY,NDOFEL,NRHS,NSVARS, 




DIMENSION RHS(MLVARX,*) ,AMATRX(NDOFEL,NDOFEL) ,PROPS(*), 
1 SVARS(*) ,ENERGY(8),COORDS(MCRD,NNODE),U(NDOFEL), 
2 DU(MLVARX,*) ,V(NDOFEL) ,A(NDOFEL),TIME(2) ,PARAMS(*), 
3 JDLTYP(MDLOAD,*) ,ADLMP ffiG(MDLOAD,*), 





























































C WE WILL ASSUME PLANE STRESS & ZERO AXIAL STRAIN 
C (ONCE ELEMENT IS YIELDING THE AXIAL STRAIN IS 
C NEGLIGIBLE COMPARED TO INTERLAMINAR STRAIN, ANYWAY) 
C 
C*********** INCREMENTS WHERE STRESSES ARE EXACTLY ZERO ******** 
C************** SUCH AS BEGINNING OF FIRST INCREMENT *********** 
C 
C YOU NEED ENOUGH INCREMENTS IN YOUR LOADING STEP SUCH THAT 
C THE MOST HIGHLY STRESSED INTERFACE ELEMENT IN THE STRUCTURE 
C DOES NOT HAVE A VON MISES STRESS GREATER THAN ABOUT 20% OF 
C THE YIELD STRESS AT THE END OF THE FIRST INCREMENT. 
C 
C ABOUT 50 INCREMENTS IS USUALLY ENOUGH 
C 
C 

















IF ((VM/YLD) .LE.1.0) THEN 
H=YMOD*100.0*(1-VM/YLD)* (l-VM/YLD) 
ELSE 
H=-YMOD*100.0* (l-VM/YLD) * (l-VM/YLD) 
END IF 
END IF 







IF (VM_OLD.NE.0.AND.GN_OLD.LT.0.99) THEN 
FIRST CHECK FOR UNLOADING 
IF (n_kl dSTRAIN_kl) < 0 THEN ELEMENT BEHAVES ELASTICALLY 








TOP=SY* (1-2*PR) * (SS*DSS+SZ*DZS)-PR*ALPHA*SBS*DZS 
BOTTOM=(l-PR) *ALPHA*SBS-SY*SY* (1-2*PR) 
if (bottom.eq.O) then 



























H=YMOD*100.0* (l-VM/YLD) * (l-VM/YLD) 
ELSE 
C IF NOT UNLOADING ELEMENT BEHAVES PLASTICALLY 
C 
C ESTIMATE TANGENT MATRIX AND INCREMENTS IN STRESSES BASED 
C ON VALUES OF STRESSES AND H AT END OF LAST INCREMENT 
C 
C THE THEORY IS BASED ON THE PRANDTL-REUSS STRESS-STRAIN 
C RELATION FOR WORK HARDENING MATERIAL 





if (en.eq.O) then 










C MAKE SURE STRESS DOESN'T CROSS OVER TO OTHER SIDE OF AXIS 
C (THIS CAN HAPPEN WHEN THERE IS STRAIN SOFTENING AND THE 
Appendix 
C STRESS IS VERY LOW OR THERE IS A SUDDEN BIG STRAIN INCREMENT) 
C 
IF (GN_OLD.GE.O.1.AND.ABS(SHOLD) .LE.ABS(DELSH) .AND. 




















IF (ZSTRS.GT.O) DELG1=ZOLD*0.5*DEP_Z*THICK 
















C CALCULATE THE INCREMENTS IN PLASTIC WORK PER UNIT 
C AREA, I.E, DELTA_G_1 AND DELTA_G_2. 
C 
C WORK-plastic = SIGMA x DELTA_EPSILON-plastic x VOLUME 
C 
Appendix 
C DELTA_EPSILON-plastic = DELTA_EPSILON - DELTA EPSILON_elastic 
C 
C IF ELEMENT IS UNDER THROUGH THICKNESS COMPRESSION THE 







IF (ZSTRS.GT.O) DELG1=(ZOLD+DELZ*0.5)*DEP_Z*THICK 





C ESTIMATE OF H AT END OF INCREMENT 
C 
C WORK SOFTENING WHEN GNORM > 0.1 
C 
IF (GNORM.LT.0.1) THEN 





H=-YMOD*lOO.O*(l-VM/YLD) * (l-VM/YLD) 
END IF 
END IF 
IF (GNORM.GE.O.l.AND.GNORM.LT.O.99) THEN 
IF (DELG1.NE.O) H=-74.0-256.6*DELG1/(DELG1+DELG2) 
IF (DELG1.EQ.O) H=-74.0 




C FORCES AND TANGENT MODULUS AT END OF THIS INCREMENT 











if (en.eq.O) then 










C THE "END IF" DIRECTLY BELOW CORRESPONDS TO THE IF STATEMENT 






******* BEHAVIOUR WHEN G > Gc ******************** C************* 
C 




















C******************** OUTPUT RESULTS *************************** 
C 



























































AMATRX(4, 3) =S*AR33+C*AR43 
AMATRX(4,4)=S*AR34+C*AR44 




SVARS (3) =XSTRS 
SVARS(4)=Gl 
SVARS(5)=G2 







The code for the interface element with a perfectly plastic post-yield response is very 
similar, except that the value of H is kept to zero throughout the damage process. 
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